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PREFACE. 



An experience of more than fifteen years, in teaching 
large Classes in the U. S. Military Academy, has afforded 
the Author of the following pages unusual opportunities to 
become familiar with the difficulties encountered by most 
pupils, in the study of the Differential and Integral Calcu- 
lus. The results of previous endeavours to remove these 
difficulties were given to the Public in a former edition. 
The favour with which that edition has been received, in- 
duces him to offer a new one, containing, not only such 
modifications as have been suggested by a thorough trial 
in the recitation room, but, in addition, an elementary trea- 
tise on the Calculus of Variations. That he has, in some 
degree, realized the hope of advancing a more general and 
thorough study of one of the most important auxiliaries to 
scientific research, is an ample reward for the labour 
which he has bestowed upon the work. 

The Author has in preparation, and expects soon to 
publish, an Elementary Treatise on Analytical Geometry. 

U. S, MUUcary Academy^ 
West Point, N. Y., August 1, 1850. 
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PART I. 



DIFFERENTIAL CALCULUS 



FIRST PRINCIPLES. 

1. In the branch of Mathematics here treated, as in Analytical 
Geometry, two kinds of quantities are considered, viz. variables and 
constants ; the former admitting of an infinite number of values in 
the same algebraic expression, while the latter admit of but one. 
The variables are generally designated by the last, and the con- 
stants by the first letters of the alphabet. 

2. One variable quantity is a function of another, when it is so 
connected with it, that any change of value in the latter necessa- 
rily produces a corresponding change in the former. Thus in the 
expressions 

u is a function of x, and x is also a function of u, Otk^ of these 

variables is usually called the function, and the other the indepenr 

dent variable^ or simply the variable ; since to one, any arbitrary 

values may be assigned, and from the connection between the 

two, the corresponding values of the other deduced. 

1 



2 DIFFERENHAL CALOULCS. 

This relation is expressed generally thus, 

u =/ {x) u = (p (x) or / (tf, x) = 0, 

/ and (p being mere symbols, indicating that « is a function of x. 
The first two expressions sre read, u a function of x, or u equal to 
a function of x ; and the third, a function of u and x equal to zero. 



3. Functions are Increasing and Decreasing : 

Increasing^ when they are increased if the variable bo increased, 
or decreased if the variable be decreased : Decreasing when they 
are decreased if the variable be increased, or increased if the va- 
riable be decreased. In the expressions 

u=^a^ tt = (a? + o)', 

tt is an increasing function of x. In the expressions 

y = - y^ia-xy 

X 

y is a decreasing function of x. In the expression 

« = («— y)" 

HIS A decreasing function for all values of y less than a, but in- 
creasing for aU values greater than a. 



4. Functions are also Explicit and Implicit : 

Explicit^ when the value of the function is directly expressed in 
terms of the variable : Implicit^ when this value is not directly 
expressed. In the examples 

tt = (a — x)* y = Va" — «* 

u and y are explicit functions of x. In the examples 
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av? + bx -= cx^ y* = a' — *• 

or 

att« + 6« — ca» = y^ + «* — a* = 0, 

they are implicit functions of 27. 

The relation between an implicit function and its variable may 
be expressed, either by a single equation, as above, or by two or 
more equations, as 

tt = ay* y* = At, 

in which u is an implicit function of x. The first relation is indi- 
cated generally by 

/ (tt, x) = 0, 

and the other thus, 

«=/(y) y = 9(*)- 

5. Functions are also Algebraic and Transeendenial : 
Algebraic^ when the relation between the function and variable 
can be expressed by the ordinary operations of Algebra, that is, 
by addition, subtraction, multiplication, division, the formation of 
powers denoted by constant exponents, and the extraction of roots 
indicated by constant indices : Transcendental, when this relation 
cannot be so expressed. In the examples 

u = log X tt = sin (a — a:) « = a* 

« is a transcendental function of x. If the variable enter any of 
the exponents, the function is called Exponential, If the lo- 
garithm of a variable enter, the function is Logarithmic, In the 
expressions 

« = sia« « = coax « = tang- 
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tt is said to be s Circular function. 

6. A quantity may be a function of two or more variables, as 
in the examples 

denoted in general thus, 

If in a function of a single variable, the latter be made equal to 
zero, the function reduces- to a constant, as in the examples 

V = a^ u = e + hjr*; 

if y = 0, wehave u = 0; if « = 0, u = c. 

If in a function of two variables, one bo made equal to zero, the 
function, in general, reduces to a function of the other. So in a 
function of three variables, if one be made equal to zero, the result 
will be a function of the other two : If all be zero, the function 
reduces to a constant ; as in the example 

tt = ax + fty' + cx' + d, 
« = gives 

u=^ ax + hy^ + d =/(«, y) ; 
X = and y = give 

tt = aa: + d =/(«); 
« = 0, y = 0, and « = 0, ^ve 

tt = d = a constant 

If then in a function of one or more variables, a variable be 
made equal to zero, the result will be entirely independent of that 
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variable. If however in a funotion of several variables, one be a 
factor of all the terms containiDg any of the others ; when this 
variable is 0, the fiinction reduces to a constant, as in the example 

y = ^ves 



7. To explain what is meant by the differential of a quantity or 
functiony let us take the simple expression 

u = a3i^ (1) 

in which u is a function of x. Suppose a; to be increased by 
another variable h ; the original function then becomes a {x + hy ; 
calling this new state of the function u', we have 

tt' = a (ar + A)' = 005* + 2axh + ah\ 

From this, subtracting equation (1), member from member, we 
have 

tt' — tt = 2axh + ah* (2). 

The second member of this equation is the difference between 
the primitive and new state of the function oj^, while h is the dif- 
ference between the two corresponding states of the independent 
variable x. As the variable h is entirely arbitrary, an infinite 
number of values may be assigned to it. Let one of these values, 
which i$ to remain the same throughout the Calculus^ be denoted 
by rfr, and called differential of x, to distinguish it from all other 
values of h. This particular value being substituted in equation 
(2), gives for the corresponding difference between the two stater 
of «, or ao^, 



I 

I 



O DIFTERENTIAL CALCULUS. 

v' — tt = 2axjdx+ a {dx)\ 

Now, the first term of this particular difference ie called the 
differential of Uy and is written 

du = 2ax4Xn 

The coefficient {2ax) of the differential of x, in this expression, is 
called, the differential coefficient of the function «, and is evidently 
obtained by dividing the diiTcrential of the function by the diffe- 
rential of the variable ; and is in general written 

du 

Resuming the exp««ion 

tt' — tt = 2axh + ah\ 
and dividing by A, we have 



tt' — tt 



= 2ax + ah. 



In the first member of this equation, the denominator is the 
variable increment of the variable x, and the numerator the cor- 
responding increment of the function u ; the second member is 
then the value of the ratio of these two increments. As A is 
diminished, this value diminishes and becomes nearer and nearer 
equal to 2(&r, and finally when A = 0, it becomes equal to 2ax, 
From this we see, that as these increments decrease, their ratio 
approaches nearer and nearer to the expression 2ax, and that by 
giving to A very small values, this ratio may be made to differ 
from 2ax, by as small a quantity as we please. This expression 
is then properly, the limit of this ratio, and is at once obtained 
from the value of the ratio, by making the increment A = 0. It 
will also be seen, that this limit is precisely the same expression as 
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the one whicli we have called the differential coefiBdent of the 
function u. 

What appears in this particular example is general, for let 

u being any function of x^ and let x be increased bj A, then 

Suppose / (x + A) to be developed, and arranged according to the 
ascending powers of A, and u to be subtracted from both members, 
we then have 

tt' -, tt = PA + QA« + IU» + 4c (3) 

P, Q, R, <fec., being functions of x, and every term of the second 
member containing A, because v! — u must reduce to when 
A = 0. Substituting for A the particular value (2x, and taking the 
drst term for the diflferential of u, we have 

du = Pda?, and — = P. 

ax 

Dividing both members of equation (3) by A, we have 

= P + QA + R/i' + 4pc (4). 



tt' — tt 



Obtaining the limit of this ratio by making A = 0, and denoting 
it by L, we have * 

L = P, 

the same value found above for -- ; hence, iha differential coeffi- 

dx 

dent of a function is always equal to the limit of the ratio of the 

increment of the variable, to the corresponding increment of the 

function. 
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8. The differential of a function of a single variable may then 
be thu3 deliued. If the variable be increased by a constant qtianti- 
ty^ called ike differential of the variable, and the difference between 
the new and primitive states of the function be developed accord- 
ing to the ascending powers of the increment; that term of thU 
difference which contains the first poicer of tlie increment is the dif- 
ferential of the function. 

It will in general be found most convenient to obtain first, the 
differential coelTicient, for which we have the following rule : 

Give to the variable a variable increment, find the correspond- 
ing state of the f miction, from which subtract the 2>rlml(lve state ^ 
divide the remainder by the increment, obtain tlie limit of this ratio 
by making the increment equal to zero, the result will bo the dif- 
ferential coefficient: This, multiplied by the differential of the 
varia ble, will give the differential of the function. 

The object of the Differential Calculus is, to explain the mode 
of obtaining and applying the differentials of functions. 

9. Let the preceding principles be illustrated by the following 

Examples. 

1. Let u = fee*. 

Por X put X + h, then, 

u' =:h{x + hy = h^ + Sbx'h + Sixh"^ + bk^ 
u' — u — Sftx'A -f- 3&rA' + bh^ 

^^— = 35x' + Sbxh -f. bK"] 
h ^ -r , 

passing to the limit, and denoting it by L, we have 

L = Ux' = ^; 
dx 
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whence 

du = Zh?dx. 

2. Let 

tt =5 od^ — car. 
Putting a? + & for a?, and subtracting, we have 

tt' — tt = 2aa:^ + aV — dk 



= 2(u: -f aA — c ; 



making & == 0, we have 



whence 



3. Let 



then 



and 



L = 2ax — c = ^, 

dx 



du = 2aa;cb — edx. 



tt = -, 



a 

■"1 

X 



t'- « 



V — tt = 





a: 


' + ^ 




= 


a 

X + h 


a _ 

a; 


a? + xh 


tt' 


— tt 


— a 





a^ + xh 
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J a _ dtt 

^ «* dr 



whence 



adx 



4. If 



u = 3aa? — mx^ du = (Oac* — imi?) dx. 



1 0. Equation (4) article (7) may be put under the form / 



and if the expression Q + I^A + ^^c^ (which is a function ot x 
and A,) be represented by P', this becomes 

!fl^ = P + P'A (1); 

whence 

u' = tt + P^ + P'A'; 

that is, the new state of the function is equal to its primitive state, 
plus the differential coefficient of the function into the first power 
of the increment of the variable, plus a function of the variable and 
its increment, into the second potoer of the increment. This expres- 
sion for the new state of the function being an important one 
should be carefully remembered. 



11. If we resume equation (3) Art. (7), divide by h and trans- 
pose P; we have 
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^' "^-P = QA + RA' + Ac. 



Since when A = 0, the expression for the ratio — - — reduces to 
P, Art (7) ; we can plainly assign a value to A so snudl that 

!f:il!f<2P or «1:Z_«-P<P; 



whence 

QA + RA« + Ac. < P, 
and multipljing hy A 

PA > QA' + RA» + Ac, 
which condition will be fulfilled by any value of A which will 



u' -^u 



make — - — < 2P. That is; in a series arranged according to 
A 

the ascending powers of a variable^ it is always possible to assign 
to the variable, a value so small oa to make the first term numeri- 
cally greater than the sum of all the others. 



12. K u be an increasing function of x, its new state u' will be 
greater than u, and 

!^1:Z-? = P + FA Art. (10) 

A 

will be positive for all values of A. 

If ii be a decreasing function, the reverse will be the case, and 
the ratio be negative for all values of A. 

But we see by the preceding article, that when A is sufficiently 
small, the sum of all the terms that follow P, in the above equa- 
tion, vnll be less than P, and therefore the sign of P will be the 
same as that of the ratio ; that is, positive when u is an increasing 




T 
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12 DIFFBRiEHTIAL CALCULUS. 

and negative when u is a decreasing function. But P is the diffe- 
rential coefficient of ii. Art (7). Hence, the differential coefficient 
of an increasing function is always positive ; and of a decreasing 
function^ negative. 

It should be observed, that the signs of the differential and dif- 
ferential coefficient are always the same. 

13. Let 

u and V being functions of the rariable x^ which are equal to each 
other for every value of x. If x be increased by h, and u' and v' 
be the new states of v and v, we have 

u' = v' tt' — II = ©' — r, 

or placing for u' and v' their values as expressed in Art. (10) ; 

PA + FA« = QA + Q'A«, 
or 

P + P'A == Q + Qi% 

and since P and Q are entirely independent of k, when Ik = 
there results 

P = Q or Pd« = Qdx. 

But P is the differential coefficient of u, and Q the differential 
coefficient of t, Art. (10), therefore 

du = dv^ 

that is ; if two functions of tlie sam4 variable arc equal, their dif- 
ferentials will also he equal, 1 

I ^ , - ' 

14. But if tf = p ± C, 
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u and V being functions of a?, and C a constant ; and op be in- 
creased by h, we bave 



M' = »' db C, 

lue. c -^ ty ^ zy 



or placing for o' its valuoi 



tt' — M 



= Q+Q'*, 



and passing to the limit, 



f rk du 
L = Q = --; 

ax 



wbence 



da = Qc2r. 



^ being the differential coefficient of v, Qdr is its differential, 
therefore 

du = d{v ±iQ) =. dt, 



ntialj I 



that is ; if two differentials are equal^ it does not follow that the ex- 
pressions from which they were derived, are equal. We see also, 
that a constant connected by the sign d: with a variable, disap- 
pears by differentiation. In fact, u^ differential of a constant is 
j zero ; since, as it admits of no increase, there is no difference be- 
tween two states, and of course no differential, Art (8). 



15. Let 



(hen 



tt = Ar, UL ^ j^ o' 



r 



«' = At** =r A(i> + Qfc +Q'A') Art. (10), 



w — « 



= A(Q+Q'A) 
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L = AQ =r _. ; whence du = AQA?« 
ax 

Tut Qdx is the differential of v ; therefore . 

du =z d ( Av) = Adv, 

that iB, the differential of the product of a constant by a variable 
function^ ie equal to the constant multiplied by the differential of 
; the function, 

16. When two variable quantities are so connected that one is 
a function of the other ; either may be regarded as the function, 
and the other as the independent variable. Thus from the expres- 
sion tt = ax*, we readily obtain x = \/ " ; in which x may be 

considered a function of the variable ». 
In general, let 

«=/(«) (1); 

then by deducing the value of or, 

«=7>)k- (2)-//^; 

In this last expression, let the variable u be increased by any 
variable increment u' — ii = Xr, x will receive the corresponding 
increment xf ^ x, and the ratio of these increments will be 



«' — « 



If the increment x' — x be denoted by h, and we substitute 
X -{-hioT x^ia equation (1), we shall obtain 

II' - tt = PA + P'A« = k, 

and substituting these values of x' — « and k in expression (3), 
we have 



. i 
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a?' — .T 



PA + FA« P + P'A 



Passing to the limit by making k, the increment of tf, equal to 0, 
in which case A = 0, we have 

""P"~du 

But P = ~, hence 
dx 

du '~ du 
dx 

that is, the differential coefficient of x regarded eu a function of tf, 
is the reciprocal of the differential coefficient of u regarded a$ a 
function of X J c »€ j c(f 4 t %*rKT^, - ^/ <'»i/t:Y«/ # * /*s.» ^ /# V»*. i.^- 
To illustrate, take the example >^^. /^ .v. r^f / / \ /- ' ^>^] f f ^ 



whence 



x = x/i 



In article (1) we have found >- = 2aXj then 

dx 



du^ du" 2ax ~ 



v^ 



2'v/ai 



17. Let tt be an implicit -functym 
Art (4), as 



ym oyx of t] 






the second ^nd, 



«=*/(y)- 0) y = 9(4 



.(2). 
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I If « be increased bj h, y will receive an increment y^ — y^ which 
we denote by k ; and these increased values of y and x in the se- 
cond members of (1) and (2) will give 

tt' = tt + Qfc + Q'^^ y' = y+Vh + P'A*; 

whence 



u — tt 



k h 

and by multiplication, 

15lzJ?x ?^ = QP + Q'Pil + QP'A + Ac 
k h 



OP since yf ^y=^k 



u' ^u 



h 



= QP + QTi: + QP'A + &c 



Passing to the limit by making A = 0, which gives jb = 0, we 
have 







dx 




But 










dy 


and 




whence 












dx^ dy dx 





that is, the differential coefficient of u regarded as a function ofx, 
is equal to the differential coefficient of u regarded as a function of 



— ^ 
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/ y, multiplied by the differential coefficient ofy regarded as afunc- 
I tian of X. 

K 

u =y(a?) - (3) and » = 9 («) (4); 

in which case u is evidenUj an implicit function of o ; we find 
from equation (4) 

a? = 9' W (6), 

and applying the preceding principles to equations (3) and (5), 
we have 

du __ du dx ^^x 

do dx dv 

But 

J = ^.- .-..Art. (16), 

dv dv 

dx 
which value in (6) gives 

du 
du __ dx, 
dv "~ dv 

dx 



/- 



DIFFERENTIATION OF ALGEBRAIC FUNCTIONS. 

/ 



18. Let 



\CfiTi ti.C ^ V^,, r /f r-y ^ 



r 



II = O ± U^ =b 2, 



in which v 10 and z are functions of x. Increase x by A, then 

3 



« 
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11' = r' ± 10' ± X' 

tt' — tt = (»' — «) d: (w' — w) db («' — «), 

from which, after substituting for (©' — v\ (v/ — tr), &c^ their 
values as in article (10), and dinding by A, we have 



W — u 



h 



= (Q +Q'A) ± (R +R'A) ± (S H-S'A). 



Passing to the limit 






whence 



du = Q<ix ± Rix ± S<ix ; 



.Art (8), 



or smce, 

Q^ = dv, Rdr = dw, Sdx = (2^. 

i2tt = do =b d]0 :i: dz, 



that is ; <A« differential of the sum or difference of any number of 
functions of the same variable is equal to the sum or difference of 
their differentials taken separately. Thus, if 

dtt = d (or?) — d {bsf) — 2axdx — ^baPdx Arts. (7 & 9). 



r 



19. Let uv be the product of any two functions of x, then^ if x 
be increased by h, u'v' will be the new state of the product. 
But 



tt' = tt-fPA4-P'A', 



V' = V'\'Qh+Q'h\ 



and by multiplication, 
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ttV = w + vFh + wQA + PQA" + &C., 
thence 



tt'v' — I/O 



= vP -f uQ -{- terms ccntaining h. 



Passing to the limit we have 



dx 



whence 

duo = vPdx + uQjdx = vdu + udv, 

that is ; The differential of the product of tioo functions of the 
same variable, is equal to the sum of the products obtained by 
multiplying ea/:h function by the differential of the other, 

20. Let uvs be the product of three functions. Place 





«o = r, then uvs =s rs^ 


and 






d{uvs) = d(rs) ^rds + sdr (1 


But since 






r = vvy dr = udv + vdu\ 



hence by substitution in equation (1) 

d(^vs) =r vvds + sudv + «?dti. 

If we have the product of four functions uvsw, we may place 
«o = r, and by a process precisely similar to the above, obtain 

d(tmsv)) = uvsdw + nvwds + uwsdv + mosdu (2), 

and we readily see, that by increasing the number of functions, 
we may in the same way prove, that the differential of the pro- 
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\ duct of any number of functions of the sam$ variahUy if equal to 
the sum of the products obtained by multiplying the differential of 
each into all the others. 



21. K we divide both members of equation (2) of the preced- 
ing article by vvsto, we have 

d(uvsu>) dw ds dv du 

h — H 1 f 

UVSW W S V u 

and we should have a similar result for any number of functions ; 
! whence wo may conclude in general, that the differential of the 
product of any number of functions divided by the product^ is 
equal to the sum of the quotients obtained by dividing the differen- 

tial of each function by the function itself. 

7 



r 



22. Let « = «*, 

I 

V being any function of «, and m any number, entire or fractional, 

positive or negative. Increase xhjhj then 

tt' = r'- = (r + Q* + Q'A«)- Art. (10), 

or pladng in the binomial formula 

(x + «)"• = «* + masT-' + ^l!^?Z±)a'ar-« + Ac, 

V for X, and (QA + Q'A") for a ; 
we have 
tt' = [» + (QA + Q'A«)]" = c- + m(QA + Q'A>"^» + *c. 



tt' — tt 



= m(Q -f Q'*)t)"*-' + Arc. 



V 
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each of the following terms containing A as a factor. Then 

ax 
du =s dr* = mt>*"*Qdr = mv^^^dv (1), 

since Qdx = dv. Art. (8). That is, to obtain the differe ntial of 
any power of a function : Diminish the exponent of the power by 



unity^ and then multiply by the primitive exponent, and by the dif- 
ferential of the function. 



Examples. 



1. If 






u 


= ax\ 




then Alt. 


(15) 














dtt = 


a.dx* = 


aA^dx = 


^ax^dx. 



2. If tt = Jxi 

d« = ? hxl-'dx =• - hir^dx = 1^. 

8. If tt = CX-* 

Zcdx 



du z=. — Scx~*dx = — 



7^ 



4. If u = (or - r^)» 

du = 5(ax — a;')* rf (oa? — «•) ; 



but 



hence 



d{ax — «*) = acia: — 2xdx Art (18); 



du = 5(ax — «*)* (a — 2a:) rf«. 
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23. If in equation (1) of the preceding article we make 

lit = ~, we have * 
It 

i 1 i-i , 11=^, dv 

dv"* = -fl" oi? == -r " or = 
n n 



;;=n 



no >• 



or 



d Vv = 



If n = 2, we liave 



2V© 



that is, the differential of a radical of the second degree is equal 
to, the differential of the quantity under the radical sign^ divided 
by twice the radical. 



If It = 3, we have 



O V © == a r- ' 



and in general the differential of a radical of the nth degree is 
> equal to, the differential of the quantity under the radical sign di- 
I vided by n timee the {n '- l)th power of the radical. 



' Examples, 

1. If tt =a V^ 

, , dcuf Saa^dx 3 r^ , 
2Vaaf 2y/aj^ 2 "^ 



2. If I* = ^fHH du = 
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— dx 



3 v{h - xy 

3. Let tt = y^ 4. Let tt = V2aa?— x*. 



24. Let tt = - = «?"\ 

s and 17 being functions of the same yariable, then Art (19) 
du = v^ds + sdv^^s v^^ds — str^dvj 

or 

J ds sdv 
du z=z : 

» 

whence by reducing to a common denominator 

, J 8 vds — sdv /-v 

/itt = d - = (1), 

that is, the differential of a fraction is equal to, tJie denominator 
into the differential of the numerator, minus the numerator into the 
differential of the denominator, divided hy the square of the denomi- 
nator. 

If the denominator be constant, dv = 0, and equation (1) becomes 

, vds ds 
du = = — . 

IT tJ 

If the num£rator be constant, ds = 0, and equation (1) becomefi 

sdv 

du =: — — 3- 

v^ 

In this last case it is evident that t* is a decreasing function of v 
and that its differential should be negative. Art. (12). 
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Examples. 

X 



1. H tt = 



a — X 



, _ (a—x) dx — xd (« — a?) __ (fl— x) dx -|- awlr _ jdx 
" ■" (a-x)" ■" (o^y (a-x)* 



2. If «=_, 



, __ dax* _ Aasfdx 



8. K tt = ^ 



ox*' 
cdoj;' dc(2x 



{aiy ax* 

25. By a proper application of the preceding prindpleB every 
algebraic function may be differentiated. Let them be applied to 
the following 

Miscellaneous Examples. 

1. If tt = (a + hzry, 

(ftt = p(a + h3rY'H{a + ftx*) *Art. (22) ; 

But 

d{a + hsT) = nhjT-^dx ; 
hence 

du = &f97(a + hjrY'^:^^dx, 

The solution of this example and many others may be simpli- 
fied by applying the rule of article (lY) thus : make 
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a + &6^ = z, then u = «**, 

ox (fa; 

whence 

ax dz ax * \ ■ / 

and 

dtt = 5np (a + hxy-^ 9r'^d:f. 

2. If u = (1 - :c^3, 

du = 8(l-x^y (1 - x*) = - 6 (1 - a^'xdc. 

3. Let 



ax 



X 4- Va +:r^ 
Place 



ax 



y =z X + \/a~+l^ then « = — , 

y 

Va + x" f 



hence 



a\{x+ Va +^dx^x(dx^, J^^l_ \l 

{x + Va+?y 

or after reduction 

a^dx 



du = 



{x + Va + x^y Va + x"' 

4 



26 DIFrERENTIAL CALCULUS. 

4. If t* = ^ ^» du = -^ 5r-^ — 



X' 



n 

a: ^ dx 

7. tt= . da = - 



8. Let tt = (a — V^f. 9. Let u = . ^ . .^ ' 



10. tt = 






11. «=(a-y^ft«i^)\ 



\/?TT-l ,„ Vl+a;4- Vl -X 

12. tt = — ;^ 13. U = -t:.-^.-— 7-.^izi_ 

V?+T + i vi-f«-vi-j^ 



^ 



SUCCESSIVE DIFFERENTIATION. 



26. it IB readily seen from what precedes, that the differential 
coefficient of a function of a single variable is, in general, a func- 
tion of the same variable. It may then be differentiated, and \v\ 
differential coefficient obtained. 

Thus in the example 

du 

« = «^ 5i = ^^ ^^)' 

Zaz^ )s a function of x, different from the primitive function. 
If we differentiate both members of equation (1), we have 






i -^ tf ( —- I = Qaxdx : 
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Bat since (ir is a constant, Art (24), 

XdrJ dx dx ' 

the symbol (Tu, (which is read second differential of u) being used 
to indicate that the function u has been differentiated twice, or that 
the differential of the differential of u, has been taken. Hence 

_ = 6ajcdx, or -— = ^clx^ 
dx dx* 

in which da^ represents the square of dx^ and is the same as if 
written (da?)'. 

The expression, 6<ex, being the differential coefficient of the first 
differential coefficient^ is called, the second differential coefficient 

To make the discussion general, let u =y (x) and p be its dif- 
ferential coefficient, then 

f = ? (2). 

dx 

Since p is usually a function of x^ let it be differentiated and its 
differential coefficient be denoted by ^, then 

t = '• •«• 

In the same way let q be differentiated and its differential co- 
efficient be r, then 

^ = r (4). 

dx 

By differentiating equation (2), we have 



(^-* 



d(^) = dp, or -i^=dj>, 

ax 



and by the substitution of this value of dp in (3), 



> 
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— 

5^= ?» o' 5? = ^ (^)' 

which 18 the second differential coefficient of the function. 
By differentiating (5), we have 

iPu 

and by the substitution of this value of dq in (4), 

dPu 

d£ ^« 

— =r, or 5^=r 

which is thjt differential coeffieieni of the second differential coeffi- 
cient^ and is called ike third different icd coefficient. 

In the same way the fourth, fifth, drc. may be found, each from 
the preceding, precisely as the first is obtained from the primitive 
function. 

From the differential coefficients, we may at once obtain the 
corresponding differentials, by multiplying by that power of dx 
the exponent of which indicates the order of the required differ- 
ential, thus 

cPu 



d*u = - — ia:" &c. 



dx 



n 



27. Let 



U = OJC", 



n being a positive whole number, then 

£ = ~^' g = n(»-l)«-, 
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g = n(« - 1) (« - 2) -x-, 



g = n(n - 1) (« - 2) 2.IA 

Since the last differential coefficient is constant, its differential 
will be 0, and we have 

5i^ = ^- 

By examining these results it will be seen, that by each differ- 
entiation, the exponent of the variable is diminished by imity. 
When this exponent is entire and positive, it will finally be re- 
duced to 0, and the corresponding differential coefficient be con- 
stant. The next in order, aa well as all which follow, will then 
be 0, and there will be a limited number denoted by n. If n be 
fractional,. by the continued subtraction of unity the result can 
never be 0, but will finally, if the differentiation be continued, be- 
come negative; the successive differential coeffidents will then 
always contain ar, and there will be an infinite number. So also 
if n be negative. 



I 



». . / 



maclaurin's theorem. ^ ^ 

28. The object of this theorem is, (o explain the manner of de* 
veloping a function of a dngle variable^ into a series arranged ac- 
cording to the ascending powers of the variable with constant coeffir 
cients. 

Let tt =y*(x), 
and let us assume a development of the proposed form, 
a = B + Cj: + Dx* + Er^ + &c (1), 
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in which B, C, D &c, arc entirely independent of x, and depend 
upon the constants which enter into the given function* It is now 
required to determine such values for the constants, B, C ^c as 
will cause the assumed development to be a true one, for all 
values of x. Since these constants are independent of x, ihej 
will not change when we make x = 0, If then in (1) we sup- 
pose a? = 0, and denote by A what/ (x) or «, becomes under this 
sujiposition, we have 

A = B. 

Differentiating (1), and dividing by dx, we have 

du 

^ = C + 2Da? -f SEi* + Ac (2) ; 

di£ 
making jp = 0, and denoting by A' what ~- reduces to in this 

dx 

case, we have 

A' = a 
Differentiating (2) and dividing by dr, we have 

^= 2D + 2.3Er + Ac; 
making x =^ and denoting by A'' what — becomes, we hnve 

A" =t 2D ; whence D = ^ 

1.2 

In the same way, denoting by A'", A"" <kc^ what —— — - &c 

oar dx 

become when j = 0, we shall find 

knt knti 

E= ^ V^— — ,&c 

1.2.3. 1.2.3.4 
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Substitudng these values in equation (1), we have 

« = /[^) = A + A'x + A" ^ +A"' y:^ + &c...(3), 

in which the general term, or the one which has n terms before it, 
is, what the nth differential coefficient of the function to be deve- 
loped becomes when the variable is made equal to 0, multiplied by 
file nth power of the variable, and divided by the product of the 
consecutive numbers from 1 to n inclusive. 

Examples. 
1. Let 

This, when « = 0, reduces to a" ; hence A = a*. 
By differentiation, &c. we obtain 

^ = »(a + «) , -^ = w(m - 1) (a + %)^^ 

-^ == m{m - 1) (in — 2) (a + tr)"^ &c. 

Making x = in each of these differential coetBdents, we have 
A' = mar-\ A"=m(m-l)a'^*, A'" == m(m— 1) (m-2)i'^, «kc. 
Substituting these values in the formiila (3), we have 

(a + xY = a" + mar-'x + "»("« - 1 V*^^ ^ ^^ 



2. Let 



« = = ail — x)"' . 

— X 



By differentiation kc^ we have 
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du a d^u 2a 



— = 2Mh-xr=^^—^, Ac 

Making 2 = in the original function, and in each differential 
coefficient, we have 

A=.A A'=A A" = ?? &c. 



These yalues in the formula (3) give 



a _^ a a a a 



1^1 

3. Let u = -; — ; — 4. Let u = ■ , 



1+g . ,. . ..* 

1 —a; 



5. u = r~~- 6. « = (l+a;V 



Whenever the function to be developed contains the second or 
higher power of the variable, the work will be much abridged In- 
substituting for this power a single variable, then making the de- 
velopment, and in the result resubstituting the power. Thus, in 
example 6, by putting z for x^ we have 

« = (1 + a^)* = (1 + z)»' 
which is easily developed according to the ascending powers of r. 

29. Functions which become infinite, when the variable on 
which they depend is made equal to 0; or any of the differential 



tmmf 
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coeffidentB of which become infinite, under the same supposition, 
cannot be developed by Maclaurin's formula, as in such cases, 
either the first or some succeeding term of the series would be in- 
finite, while the function itself would not be so. 

u = log X ti = cot 2 « = ax^ 

are examples of such functions. In the first two A, and in the 
third A', would be infinite. 



Taylor's theorem. 



30. A quantity is a function of the sum of two variables, when 
in the algebraic expression for it, a single variable may be substi- 
tuted for the sum, and the original function thus reduced, vnthcut 
a change of/arm, to a function of the single variable. Thus 

«' = a{x + y)" 

is such a function, for if in the place of ^ -|- y we substitute z, the 
function becomes u' ~ az", a function of z of the same form. 

log (r - y) 

is also such a function ofi the two variables x and — y, which, 
when for a? — y we put «, becomes log «. 



81. Let 

For X + y place «, then 

«' =/(«) and g'= ,, (1), 

6 
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p the differential coefficient, being entirely independent of dx. If 
now X be regarded as a constant 

dz = d{x -f y) = dy, 
and equation (1) becomes 

dy 
If y in turn be now regarded as constant 

dz = rf(x + y) = dxy 

and equation (1) becomes 

du' du' 

dx dy 

That is, if a function of the sum of two variables he differentiated 
as though om of the variables were constant ; and then Vie same 
function he differentiated as though the other variable were constant ; 
and the differential coefficients be taken ; these two coefficiaiUs will 
he equal. 

To illustrate, let 

tt' = (jc 4- y)", then rfw' = n{x + y)*"* d{x + y), 
which if y be regarded as constant becomes, 

du' 
du' = n{x + yY'^dx; whence -j— =s n{x + y)"~\ 

dx 
and if a; be regarded as constant, the same expression becomes 

du' = n(x + y)*~*rfy; whence -r— = n{x + y)"~'. 



82. The object of Taylor's Theorem is, to explain the manner 
of developing a function of the algebraic sum of two variable^ into 
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a aeries arranged accc/rding to the ascending powers of one of tlue 
variableSy with coefficients which are f mictions of the other and de- 
pendent also upon the constants which enter the given function. 
Let us write a developmeut of the pro|x>sed form, 

tt' =/(x +y) = V + Qy + J^f + S/ + <fcc (1), 

in which P, Q, R <fec. independent of y, are functions of x. 

It is required to determine values for them, which substituted in 
equation (1) will make it true for all values of x and y. If we 
regard x as constant, differentiate both members of equation (1) 
with respect to y and divide by dy, we obtain 

dg 

If we regard y as a constant, differentiate equation (1) with 
respect to x and divide by dx, wo obtain 

dx dx dx dx 

But by the preceding article we have _. = _ ; therefore 

Q + 2Ry-h8Sy' + <tc. = ^+gy4-gy»+&c.; 

and since the coefficients of the like powers of y in the two mem- 
bers must be equal, 

If in equation (1) we ninke y = ; f{x H-y) will reduce to a 
function of x, Art. (C), which we denote by u. Then 

u = P. 

Substituting this value o^ P in equation (2), we have 
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ax 
This value of Q in equation (3), gives 

2ii = W _ ^. whence R - '^^ • 
and this value of R in (4) gives 



3S = ^-^ — 1 = — ; whence S = 



dx 1.2.</jc' 1.2.3 Jj^ 

Bj the substitution of these values of P, Q, R d:c. in equation 
(1) we have Taylor's formula ; 

J\ -ry, ^dxl^ dj^l.2 rfx- 1.2.3. ..n 

By an examination of tlie several terms of this formula, we see 
that the first (u) is what the function to be developed becomes, 
when the variable, according to the ascending powers of which 
the series is to be arranged, is made equal to 0. . The second 

— ?| is the first differential coefficient of the first term, multi- 
dzl/ ' 

plied by the first power of this variable ; and the general term is 

the nth differential coefficient of the first term, multipUed by the «th 

power of the variable, and divided by the product of the consccu* 

tive numbers from 1 to n inclusive. 

The development of/(a: — y) is obtained from the formula by 

changing + y into — y \ thus 

/., V du chi J? d^u r^ 
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Examples. 

1. Let «' = (« + y)« 

Making y = we obtain u = x", and thence bj differentiation, 

^ =z mar-\ -^ = m{m — l)x"^, 

ax ajr 

--J = »i{»i — 1) (»i — 2)x**^, -— :szm{m'~l) {m-^n + l)r"~", 

ax^ ax" 

These values being substituted in the formula give 

m(»i— 1) (m — n +.l)x*~"y" 

If it were required to develope the function in terms of the as- 
cending powers of x we should make x = 0, and obtain for the 
first term y", from which the other terms are derived as before. 

2. Let tt'= ^ 



X +y 
Making y = 0, we obtain, ti = - for the first term ; thence 

du a (Ttt 2a 

dx a? dx^ X* 

€pu ^ 2.3.a dru 2.3 na 

1^ " ?^* dx" "" x-+^^ • 

These values being substituted in the formula give 

a a a <> , . ^ . 
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3. Developo u' — ....according to the powers of — y. 



4. u' ^ ? " " of X. 



33. Since in the formula of Taylor, the coefficients of the different 
|X)wer8 of one variable are functions of the other, it is plain that 
if such a value be assigned to the otlier, as to reduce any of these 
coefficients to infinity, the second inenibor will become infinite, ftrwi 
the formula fail to give a development for this particular value ; 
as, in this ca^^e, the first member will become a function of the 
first variable, which function cannot possibly be etpial to infinity 
fi»r a particular value of the second variable, on which it in no 
w.iy (lirjcnds. Thu<», in the example 

which, when developed according to the ascending powers of |f, 

gives 



u' =>^a + 



^^y — 



2Va + x SV (a + xf 



the particular value j; = — a reduces the coefficients of the 
powers of y to infinity, while the original function is reduced to 

Vy : We should thus have Vy = ^ > which cannot be. For 
every other value of x^ however, these coefficients will be finite 
and the development true. 

The difference between this failing case and that of Maclamin's 
formula is marked. In this, the failure is only for a particular 
value of that variable which enters the coefficients, all other valaes 
of both variables giving a true development ; while in the former 
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case, if the formula fails to develope a function for one value of 
the variable, it fails for every other value. 



34. If u =/(x), 

and j; be increased by A, we have for the second state 

and by changing y into h in Taylor's formula, we obtain 

which is /A« development of the second state of a function. 
From this we have 



dx dx^ 1.2 da^ 1.2.3 



If wo now put for h the particular value dx, we have 



tt' — tt = aw + h 4- &c. 

1.2 1.2.3 



35. If in the development of f{x + y) by Taylor's formula, we 

suppose or = 0, and represent by A, A', A", <kc. what «, ~, — *, 

rfi" dsr 

ifeo. become under this supposition, we have 

A //„1 A ///,p 

/(y) = A }.A'j,+ 'l|L + ^ + drc. 

A, A', A", <Src. being constant^ and since y is the only v.nrinble we 
may write x for it, and thus have 
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which is identical with Maclaurin^s formula. 



DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS. 

36. Let us take, first, the exponential function 

« = a*, 

and increase x by A, then, 

n' = 0"^^ = oTa^ (1). 

a^ being a function of the single variable A, may be developed into 
a series, the first term of which [being what a* becomes when 
A = 0, Art. (28)], is a" = 1. We may then write 

a* = 1 + a + k'h* + k"h^ + &c., 

k^ k\ it", <fec. being constants depending upon a. By substituting 
this value of a* in (1), we obtain 

tt' = a'(l +kh + k'hf + k"K' + <kc.) ; 
whence 



«' — tt 



= cfk + a'k'h + Ac. 



A 
Passing to the limit of this ratio, we have 

L = a'ifc = ^, and du^a'kdx (2). 

dx 

To determine the value of A:, let us develope « = a* by Mac- 
laurin^s formula. We have 

- du „ 

« = a', -1- = « * * 

dx 
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kdoT = k'lfdx ; whence ^ = itV ; 

dor 



d\^\ = Wa' = ife»a'(/« ; whence ^ = *"«•; &c. 

Making « = in these expressions, we find for the coefficients in 
the formula 

A = a« = 1, A' = a»Ar = *, A" = If, A'" = i^, &c. ; 

whence 

tt = a'= 1 + itr+ — + -^ +&C 

1,2 1.2.3 

In this, let a; = — , then 

k 

1 1 1 

^ ^ 1.2 1.2.3 

Summing this series, we have 

a"*=2, 7182818 



This number is the base of the Naperian system of logarithms, 
which is usually denoted by e ; we then have 

af = e, and a = e*] 

hence k is the Naperian logarithm of a, denoted by la. Then 

du = d<f = a^JadXj 

that is, the differential of a constant raised to a power denoted by 
a variable exponent, is equal to the powers mtdtiplied by the Na- 
perian logarithm of the root into ike differential of the exponent. 
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37. Resuming the expressions 

ax 

regarding u as the independent variable and x as the function, we 
have, Art. (16), 

dx \ r J du \ 
— = ; whenoe aj? = • 

du a^la u la 

If a be the base of anj system of logarithms, then x = log u 
in that system, and 

dx z=. d lo<r t» = .* 

° u la 

♦ Note. — Throughout the book, the symbol I before a quantity will in- 
dicate the Naperian logarithm of that quantity. Since the logarithms of 
the same number in di^brent systems are as the moduli, we have 

log a : 2a : : M : 1, 

and when a is the base of a system, since log a al 

1 :2a : : M : 1 ; 



whence 



Also, 



and since le ^\ 



la 



log e : 2ff: : M : 1, 



M = log «. 



The modulus of a system, then, admits of two forms of expression, both 
of which should be remembered. The one is, unity divided by the Naperian 
hgariihm of the base of Uu system whose modulus is required; the other, the logU' 
rithm of the Naperian base taken in the system whose modulus is required. 
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But — is the modulus of the system whose base is a ; then 



» 
d log u = M — . 

For the Naperian system, M = 1, and this expression becomes 

tt 

The differential of the logarithm of a quantity, is then equal to the 
modulus of the system into the differential of the quantity divided 
by the quantity; and this in the Naperian system, becomes the 
differential of the quantity divided by the quantity. 



Examples. 

1. If « = /(a«^ 

, da:f Zas^dx d» 
au = ^ — ^— — . Q — 

oar oar x 



2. It 



< a \ adx 



fl — a? 



a — « a — « 



Otherwise thus, « = Z( — ? — | = 2s — Z(a — x) 
du = dla- dUa -x)= ^^ 



I 



* 



a — « 
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8. Let « = /lSJ±f'i 

Multiply both terms df the fraction by the numerator, then 






</« 



vr^' 



6. Letii = ^r^-^Y 7. Let« = Z(a + *)«(a « x)*.^-^-- 



'• "^^TTtI) '• «=/(a-^)i/7). = -^^^;- 



10. Let tt = {lc)\ 

Make lx = z, then 



« = «"; 



du = nsr-^dz = — ^—^ 

11. Let »=/(/«). 

Make £r = z, then «-=:&; 



- __ ^ ^ </jf 



X xlx 
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12. Let . tt = a**. 



38. It has been seen, Art (29), that log x cannot be developed 
according to the ascending powers of x. To obtain a logarithmic 
series, let us take « = log (1 + x) and develope it by Maclaurin's 
formula. By differentiation &c 

_ Mia: du M 

€pu _.. . . --M (Pu 2M 



= - M(l + a?)-» = 



Making « = 0, we have for the values of A, A', A'' Ac, in the 
formula, 

A = log 1 = A' = M A" = - M A'" = 2M, Ac ; 

whence 



« = log (1 + «) = M(i! - J + J ± ^ ), 



in which the logarithm of a quantity is expressed by a series, ar- 
ranged according to the ascending powers of a quantity less by 
unity. 



39. By the aid of logarithms we may simplify the differentia- 
tion of complicated exponential functions. For example : 

1. Let « = ^^ 

z and y being any functions of the same variable. Take the Na- 
perian logarithms of both members, then 
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and by differentiatioii 



du > •. . dx 

u X 



whence 



du = uidyh + y — ) = x^bdy + w^'ck, 

% 



which is evidentlj the sum of the differentials^ taken by first rv^ 
garding y as the only variable^ and then z. 



2. Let u^a*' 



Taking the logarithms of both members 



du 



du—a^'lrlalbdx. 



8. Let. II = «^ , 



then 



du trdz 
tu = fh, — = +k{fltds + $r^dt), 



du = «*'/•(— + hllds + ^ hdt). 
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DIFFERENTIATION OF THE CIRCULAR FUNCTIONS. 



/ 

40. Since any arc of a circle, when less than 90^, is greater | 
than its sine, and less than its tangent ; we must have for all I 
values of y less than 90^, 



y tangy^ y 

But 

R sin If - siny cosy r,v 

ianff y = ; whence : = — 7^ — V^;* 

° ^ cosy ' tangy R 

Making y = 0, cos y becomes R, and we have for the limit of the 
ratio (1), 

I » 1 

and since " ^ cannot exceed unity, nor be less than ^ we 

y tangy 

also have its limit = 1 *, that is, the limit of the ratio of an arc to 

its sine is unity, 

41. Let • " ' ; ^ ^" 

tt = sin X, 

Increase x by ^ then 

tt' = sin (a? + h), tt' — tt = sin (« + ik) — • sina:, 

or by placing x + h for j# and a? for 9 in the formula, 

sin p — sin ^r = ~ [sin i(p — y)cos i{p + q)], 
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2 
K 

DiTiding both members by A, and tlien boUi tenas of tlie frac- 
tion in the leoond member bj 2, 

ii' — « sin \h cos (x + \h) 









whence 



cm X dx 
au = a sin a; s= - 



K 

If « = cos X, 

COS (90*^ -~ x") 
rftt = dcos a? = i sin (90^ - «) = ^^-p -d{W — ar); 

whence 

_ sin a? , 
a cos a? = R~"^* 

If « = ver-sin a: 

du = d ver-sin x = cf(R — cos ar) = ^ dco&x; 

whence a ver-sm x = — :^ — dx. 

* Note.— This nctation indicates that the expression for the quantity 
within the parenthesis becomes unitv when A = 0. 
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If V = tang X 

Rsina; 



ef« = eftango; = cf 



cos^ 



__ (cos axf sin a? — sin xd cos ar) _ dx{( MS?x + sin'a?) , 

cos'^^e cos'a; 

whence 



(^ tang a; = 



If 



du 



whence 



5 "^ - 


C08*a: 








tl = 


cot a; 








(90^ 


-x) = 

• 


B* 


d (90<» - 
cos' {»0<» - 


■x) 

-X) 



^ ^ Ifdx 
a cot a; = 7-5—- 



If ti = sec a; 

- , , R' R sin a? da? 

cTti =s if sec X s= a = r ; 

cos X cos'x 



whence 



iaxiffxdx ianaxBecx , 
d seca? = ° =: — ^^ dx. 



cos a? K^ 

If tt =: cosec X 



<fu = i «50SeC « = d MC (90- _ «) = ~Lff55!£^(»21ZL£); 
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whence 



J ^ ^^ ^ cot X. cosoc X dx 
a codec a? = 



If li = 1, these fonnulas become 

d%mx=^co& xdx^ i2co6a;=— sinxdLr, 



dx 

d ver-fiin a; = sin « dx, d tang x = -., d;c. 

C06X 



and should be remembered. 



Examples* 



1. If ii = sin^ 

a 



J bx jhx b bx J 

au = cos — a — = ~ cos — dx. 

a a a a 



2. If If = cos- 

X 



aif= — 8m~a>=: _ sm- dx. 
X X ar X 



3, If tt = tang (a — a?)' 

du = JilZLl^ = _ 2(g - ^)<^ . 
cos' (a — a;)* cos'(a — xf* 

4. If tt = eot'o; 

2 cot X ef d? 



dtf =: 2 cot X (2 cot X = — 



sin'x 
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6. If tt= (cosa:)*'"', 

mako COS x = Xysinx = y\ then u == 2*^, and Art. (39) 

du = i'lzdy + yz^^dx = dx (cos a?)"*"'/ cos x /cos x — \ 

\ co&x J 

• 6. Let tt = ^^"^^^^V Y. Let u = tang {— m -y/F).^ ^ 

* / . 2. ' , -' 

y:^ ^ - .re ^'^\' .. '' ^' 

42. In the preceding article we have found the differentials of ^) V 
the sine, cosine, <fec in terms of the arc as an independent Tariable ;- ~^fCi '^ 
let it now be required to find the differential of the arc, in terms of /^V v ^ ;. 
its sine, cosine, &c. 

If II = sin a?, then x = sin~X* 

J CO6 X dx 1 du cos X 

du = — = , and — • = -— - — . 

5 dx R 



If now X be regarded as the function, and ff as the independent 
variable, we have, Art. (16), 



dx 1 


R 


rftt ~ rftt ~" 


cos dp 


dx 





and since cos a; = V R* — sin'x = V R* — «' 



whence dx ss 



du V R> — tt» ' V R' - tt« 



^ * Note. — The notation sin-* w, tang-* <*t ^'i -is used to designate the 
arc whose sine is u; whose tangent is «, dec. 
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If 



.1 du sin dp . 

tt = cos a?, « = COS 'tf, v = 7; — I 

dx K 



dx __ - R ^ ^R _ R , 

du " sin « "" ViV -co8»« ^ VK*-tt*' 

whence 

Rcfti 



dx r:z — 



Vr* - «' 



If 

u = ver-fiin », « = ver-flin"* tf ; 



(ftt _ sin « ^ d« _ R 

da: ^ R du^ sin x 



• 



or since 

ain« = V(2R — ver-sin a;) ver-sin x = V{2R — u)u ; 

dx R . I. J IW« 

; whence ox = 



du V(2R - tt)u V2Rw - tt* 

If 

X -1 du R« . 

tt = tang X, « = tang ' u, _- = — ~; 

dx coerx 
dx cos'x R' R' 



du R* «ec*x R' + tang*x 

whence 

J- R'dtf 
ox =r 



'» 



R* + tt* 
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If R = 1, these fonnulaB become 

, du du 

ax = ^ <fx = — 



Vl — tt'' Vl — u' 



dx = - a« = 



V2i* - tt« 1 + ti« 



1. K ap = sin-' 2iiVl — u\ 

dx= <^(2«Vl - ^') _ 2du 

Vl - (2mVi - tt")'"" VT^^=^» 

2. If :p = tang-»/_iV 



dx = 



^(-7) 



y/ crfy 



, + ■-, o + if 



GJ 



3. If « = cos-'-J?_, du= -^^y 



« — y (a — y) Va^ — 2fly 

4. If « = ver-sin-' -, dtt = 



x\/2x — 1 



A- 



r 



43, "We are now able to develope sin x, cos x, &c., in terms of 
the ascending powers of x, bj Maclaurin^s formula. 

1. If 

u s= sin X, and R = 1 ; 
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du d^u d^u m 
— = cos a:, -r-; = — ^^^ *> -rr- = — cos x, &c 

dx ax* dxr 

Making x = 0, we obt^n for the values of A, A', &c in the 
fonnula, 

A = 0, A' = l, A" = 0, A"'= — l,&c; 
thenoe 



» X St * •_ 

ti = sin x = 4- ac 

1 1.2.8 ^ 1.2.3.4.5 



2. If « = cos X, 



du > ^u A( . • 

— =— sinar, ._ = — cos «, — g- =s sin «^ &c ; 



in which, making « = 0, we obtain 

A = 1, A' = 0, A" = - 1, A'" = 0, Ac; 



and thence 



tf = cos « s= 1 J Ac 

1.2 ^ 1.2.3.4 



These series, for small values of x, are very converging, and will 
give with great accuracy the values of sin x and cos x for small 
arcs, and may therefore be used in the calculation of a table of 
natural sines, Ac Thus, R being unity, we have for the semi- 
drcumferenoe or r, the number 3,14159...; this divided by 180, 
and the quotient by 60, will give the length of the arc 1', which 
value substituted for x in the series, will give the sine and cosine 
of one minute. 
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44. We can also develope the arc in tenns of its rine, tangent, 
<!ec If 

^ = «(1 _ «')-t, ^ = (1 - «»)-*+ 3««(1 - tt«)-*, &c 

Making u = 0, we obtain 

A = A'rsi A"'=:0 A'" = l,&a, 
and by substitation in Madaurin's fbnnula 

X = 8in 'tt = i« J 1 L Ac 

^ 1.2.3 ^ 1.2.4.5 ^ 

If ti = ^ = sin 30^, this series becomes 

X = sin-' i = 30<> = i + — L_ + ? — _ + ic., 

2 2 ^ 1.2.3.2' ^ 1.2.4.6.2' ^ 

bj the summation of which, we find 

80® = 0,62369 , 

and multiplying by 6, 180® = t = 3,14169 



45. If 



X = tan^X p = -J—j. = (1 + ««)"' Art. (42), 

and the development may be made as in the preceding article ; or 
otherwise thus. Developing (1 + «*)""' by the binomial formu- 
la, we have 
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^ = 1 — «» + u« — tt* + *c (1) ; 

and since bj differentiation, the exponent of « in each term is 
diminished hy nnity, we must have 

« = Att + Btt» + CV + dwj.; 
whence ' 

— = A + 3Btt» ^ 5Ctt* + &c (2). 

du 

Comparing the coefficients of the like powers <^ ii in (1) and (2), 

A = 1, 3B = — 1, andB= — -; 60=l»andC= 3, <tc.; 

S 5 

whence 

9£ M 4A 

X = tanit"*» = « h — — — + &c (8). 

^ 8 5 7 

If u = 1 = tang 46^, this series becomes 

3 6 1 

which is not sufficiently converging to enable us to determine the 
length of the arc with accuracy. To obviate this difficulty, we 
will make use of the principle that the arc 46® is equal to the arc 
whose tangent is i, plus the arc whose tangent is J.* 



* NoTE.~To prore this principle, take the formuia 

1 — tang a tang ^ 



■^- 
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From equation (8), by the substitution of i and \ for u, we 
have, 

.-ill 1,1 1,1, 
tang - = - — — -. + — 4- &c^ 

tanff-» i = l-JL- + J_ L. + &c.; 



8 3 3.8' 5.3* 7.3 



hence 



46° = tang-^ i + tang"^ | = 



L— JL + JL — &c. + i— JL + J_ - <fec = 0,78689...., 
2 3.2» 6.2' 3 3.3' 5.3' 

which being multiplied by 4 gives «* = 3,14169 



DIFFERENTIATION OF FUNCTIONS OF TWO OR MORE 

VARIABLES. 

46. Heretofore our rules for differentiation have been limited to 
functions of a single variable ; it is now proposed to extend them 
to functions of any number of independent variables. 

Let tt=/(x,y); 

X and y being entirely independent of each other. The second 
state of the function will evidently be obtained by giving to both 

Make tang a = | and a-^b=z 45°, 

then, tang 45°= 1 = * "^ ^^^ ^ ; whence tang 3 = 1; 

1 — I tang b 

hence 45° = a + 3 = tang-^ | + tang-> |. 
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X and y variable increment. Hrst let x receive the increment A ; 
f(xy y) then becomes /(a? + A, y), which, (if y for a moment be 
regarded as constant), may be developed according to the ascend- 
ing powers of A, by Taylor's formula ; whence 

/(x + *,y) = « + ^A +_ _ 4-^_ + Ac.....(l). 



diL diU 

in which — , <fec., are the differential coefficients of « = /(x, y) 

dx da^ 

taken under the supposition that x alone is variable, and are evi- 
dently all functions of x and y. If in this development we now 
put y -f- X: for y, we shall obtain in the first member /(x + A, y + ^) 
which is the second state of the function u. The first term of the 
second member (u), being a function of x and y, will, when for y 
we put y + ky become 

-/ , , V , du , , d*u it" , d^u Jf . . 

JKilfT ) T ^^ ^ rfy« 1.2 ^ rfy* 1.2.3 ^ 



Li the same manner -- , when for y we put y + i(^, may 
veloped, and will give, Art. (32), 



or reducing 






Also 






DIFFERENTIAL CALCULUS. 50 

' d2^^ da?dy ^ ds^df 1.2 ^ 
(?tt , d*u . . . 



These values being substituted in the second member of (1) 
give for the development of the second state of a function of two 
variables 

du. , dSi J^ d^u P t j^^ 






.(2). 



// , <ftt A* , <Ph A'ife . 

v/ . .'> ^ 7^>*'""' •"'td«'1.2 ■^da'rfy 1.2 "^ ' 

^ dai^ 1.2.3 ^ 

dl£ 

In this development u is the original function ; — is its differ- 

ential coefficient taken under the supposition that y alone varies, 
and is called, the partial differential coefficient of the first order 

taken with respect to y ; , &c are successive differential co- 

^ '^ df df 

efficients taken under the same supposition, and are called jxir^taZ 

differential coefficients of the second, third, d:c. order taken with 

respect to y. -j-i-j-r^T:^ are obtained from the original function 

dx dsr dor 

under the supposition that x alone varies, and are called /xir/ta^ dif- 
ferential coefficients of the first, second, dtc, order taken with res- 

drU du 

pect to X ; -r— r- is obtained by differentiating — with respect to y 
dxdy dx 

and dividinp: the result by di/, and is called a partial differential oh 
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efficient of the second order taken^ by differentiating first tmth res- 

pect to X and then with respect to y ; and in general ■ is a 

ajTat^ 

partial differential coefficient of the m + n^ order, and is obtained 
by differentiating first n times with respect to ar, and then m times 
with respect to y. 

By an examination of these results we see that, from a function 
of two variables there are derived two partial differential coefficients 
of the first order, viz. 

du J du 

and — 

dx dy 

three of the second order, viz. 

dH* cPtt d'tt . 
dr* ' dxdy d%^ 

four of the third order, ^c The expressions 

du J du J d^u , o d*u , . . 
— dXj --- dy, — - dar, dxdy, ftc, 

dx dy dor dxdy 

obtained by multiplying the several partial differential coefficients 
respectively by dx, dy, dx^, dxdy, d^c, are called partial differen- 
tials. 



47. If instead of first increasing a; by A we increase y by h, we 
shall obtain 

», . .V du 1 dSi 1^ d^u If m 

J\ ^9 -^ f -r ^y ^ </y« 1.2 ^ rfy* 1.2.3 

and if in this we put ;r + ^ for x, we shall evidently deduce 
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^ dy ^ dydx ^ 

J L &C., 

^ dy" 1.2 ^ ' 

which development must he identical with the one in the preceding 
article ; hence the terms containing the like powers of h and k 
must he equal to each other, and we must have, 



dxdy dydx dxdj^ dt^dx dx^di^ dy^djf* 

which shows that we shall ohtain the same result whether we dif- 
ferentiate first with reference to x and then with reference to y, or 
the reverse. 



48. Let it now be required to develope the second state of the 
expression 

u = af^jf* (1). 

Differentiating with reference to x and y, respectively, we obtain 

S = «-^v. (2), I = ~"y- (3). 

Now differentiating (2), first with reference to Xj and afterwards 
with reference to y, we obtain 

^ = «(m _ l)x-y (4), -^ = mn^^tr' (6). 
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In the same manner by differentiating (3), fint with reference to 
X, and then with reference to y, we obtain 

'^ =fl.«x-3r'»-^ i!^ = n(» _ i)*v- •(«). 



dydx dxdy dy* 

and bj continuing the differentiation of (4), (6), and (6), 

^^m{m^ l)(m - 2)x-^y, ^ = m(m _ l)i«r-y-\ Ac 

Substituting these values in the fonnula of article (46), we have 
(« + A)-(y+i)" = «"y + ttt'/-'* + "(n - l)x-jr*-^ + *c 

+ mxT-yh + mnnT^f^hk + Ac 

+ TO(»i-l)a^y-J^ + &c. 



49. Resuming equation (2), Art. (46), and subtracting the pri- 
mitive state of the function from both members, we obtain 

Extending the definition in Art. (8), to functions of two or more 
variables, we have, after placing for h and k the constants dx and 
dy^ and taking the terms of the first degree with reference to these 
constants ; 

dtt = ~ (^ -f -- rfy, 
dx dy 

that is, the differential of a function of two variables is equal to 
the mm of the partial differentials of the function. It is important 
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to preserve the notation — . dx and — dy, else the partial differen* 

dx ay 

tials might be confounded with the total differential {dii). 



Examples. 

1. If tt = cu^t^ 

J^ dx =: 2aon^dxj Jtdy=:3aji^j^dyi 

dx dy 

hence 

du = 2ax^dx + B(U^i^dy* 

2. If 

tt = ^(?JZ_^' du= ^^{a^g/')[2xydx+{a^x*)dy]. 

3. If 

«=tang-*i du = y^-fy 

^ y y' + ^ 

4. Let tt = ^y.- 6. Let tt = «»'. 



50. Having obtained the &st differential of a function of two 
j variables, we may from this at once derive the successive differ- 

' entials. Since 

1 

J du J , du m J 

dtt = — oar + .— ay, 

dx dy 



'•=<£^) + <S4 
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Difierentiating --- dx, first with reference to x, and then with re- 
ds 



ference to y, we have, 



Oh 






and in the same way, 



i» = 






whence, since = Art. (47), 

axdy dydx 

d^u = --. dj^ +2 — - — dxdy + _— -<fy*. 
dor dxdy ay* 

Differentiating this result, since 



dfei/^^^rfy-dx+fl^rfj^, 






we derive 



dt* ^ rfjc«(/y ^ ^ dxdy" ^ ^ dy" ^ 

In the same way the differentials of a higher order may be 
derived. 
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$. 



51. Let us now take the general case in which « is a function 
of any number of independent variables ; that is, let 

It is plain that we may deduce the development of the second 
state of this function in precisely the same way as in article (46), 
by first increasing x and y, then in the result thus obtained in- 
creasing Zy and in the new result increasing one of the other va- 
riables, and so on until each shall have received an increment ; 
we shall thus find 



A^+^y+^y^H^<^')=A^,yj^^<^')+^^+P^+^^'^^^''^ 



whence 



J{x + h, y 4-A:, z +Z, &c.) —/(a?, y, «, &c.) =JfA-fJ!f^+_. I&c. 

ax ay az 

plus other terms, which will be of the second degree at least, with 
reference to the increments h, k, Ij Sec ; we have then as in arti- 
cle (49), 

du = df{xy y, «, &c.) =z — dx •] dy •\- — dz + &c 

that is, the differential of a function of any number of variables 
is equal to the sum of the partial differentials of the function. 



Example, 
If tt = ary***, 

du = ajfz^dx + 2axy7?dy + Zax^7?dz, 
9 



66 DIFFERENTIJVI' CAJ«CULU6w 

52. K in the development (2), article (46), we make both x and 
y equal to 0, the first member will become a function of K and k ; 
the first term of the second member, and the different coefficients 
of h and ir, will under the same supposition become constants. 
Denoting by A what u ot/{x, y) becomes when x and y are made 
; by B and B' what the partial differential coefficients of the 
first order ; by C, C and C" what those of the second order, and 
by D, D', D" and D'" what those of the third order, become 
under the same supposition ; we obtain *, 

f{h, I:) = A + (B^ 4- B'k) + -i- (C^* + 2Chk + C'V) 

^ (DA' + SD'Vit + &c.) ; 



1.2.3 



or since we may change h and k into x and y, we have for the ge- 
neral development of any function of two variables, 

« 

y(x,y) = A + (Bx + B'y) + -L (C '+ 2C'xy +C"/) 



+ ^(D^+3D'x»y + &c.). 



If in development (2), above referred to, we make y and k each 
equal to 0, u becomes a function of x alone, and we have 

•'^ ^ ^ ^ dx ^ di* 1.2 ^ dx» 1.2.3 ^ 

which is Taylor^B formula. 

In the same development, making x, y and k, each equal to 0, 

and denoting by A, A', A", Ac what «, ~, --^, &c reduce to 
under this supposition, we obtain 



DIFFERENTIAL CALGULUB. 67 

f(k) = A+ A'A + A" JiL + A'"~^ + &C, 
•'^ ^ ^ ^ L2 ^ 1.2.8 ^ 



or changing h into a?, 

f(x) = A + A'a? + A" — + A'"-^ + <fec. 
•'^ ' ^ ^ 1.2 ^ 1.2.3 ^ 



which is Madaurin's fonnuhi. 



DIFFERENTIAL EQUATIONS. 



-X ^\^.^t*^ /^. 



53. Every equation containing two variables can, by transposing 
all the terms into the first member, be represented under the ge- 
neral form 

yi^,y) = o (1) 

in which y is an implicit function of x^ the latter being usually 
taken as the independent variable : Or, since by the solution of 
the equation, the value of y may be found in terms of x, and sub- 
stituted in (1), this function of x and y may be regarded as a 
function of x alone, and may therefore he differentiated as a func- 
tion of a single variable. Also, since the relation between y and 
X is such, thaty(r, y) must always be equal to 0, its value is not 
variable, and can therefore have no difference between any two 
states. Its differential must then be 0, Art. (14) ; that is, 

df{x, y) = 0. 

To obtain, then, from a given equation its differential equation^ or 
the eqtiation which eatresses the relation between the differentials of 
(he function and variable ; transpose all the terms into one mem- 
ber, differentiate this as a function of a single variable, and place 
the result equal to : Or/ if it be not desirable to transpose all 
the terms into one member, each member, containing either x or 



» 



^ 



i 

\ 



l«. 



V 
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y, or both, may be regarded as a function of x, and the differen- 
tial of the £rst will be equal to that of the second, Art (13). 

Since every term of the differential equation thus derived will 
contain dx or </y, we may divide by dz, and then at onoe deduce 

the value of the differential coefficient -i: . 

dx 

64. If an equation contain three variables, *yw ill necessarily 
be i^function%i)f Um otUer 4iw^ and all the terms being tTanspose4, 
into one member, this member may be regarded as iLf unction #^ 
imm^giafamilim/kmmmMmj and may be differentiated as in article 
'^ '' H*)i *^^ ^^ result placed equal to 0. In accordance with the 
same principles and in precisely the same manner, the differential 
equation of one containing any number of variables may be 
derived. 

If the differential equation derived by one differentiation be 
again differentiated, the new differential equation will be of the 
second order, and if this be differentiated we shall have one of the 
third ordeTy and so on. 



Examples. 

65. 1. K tt=yi;x,y) = aj> + y«-R*=0 (1) 

du = 2xdz + 2yrfy = (2), 

from which, after dinding'by dx, we obtain 

^ = - ? (3). 

dx y 

Dividing equation (2) by 2, and then differentiating; rr, y, and 
dy, being variable, we have 

d{^x) 4- d{ydy^ = 
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or rf«* -h d^ + ycPy = 0, 

wbenoe 

^ = \ "*" ^/ ^ V '^ y^L _ 3^ + ^ . 
rfai" y - y y* ' 

«^<» -^ = -i equation (3). 

Equivalent results may be obtained by differentiating the value 
y = VR* — «*, deduced from equation (1). 

.2. If M = y« — 2ma:y + «* — a" = (1) 

2ydy — 2»M:dy — 2mydx + 2xdx = (2); 

whence 

dy my — a? 

dx y — mx 

Differentiating (2), and dinding by 2e2x', we obtain 

from which after the substitution of the value of J- we may ob- 

dx ^ 

tain the value of the second differential coefficient. 
3. Let y* — 3aay + «• = 0. 

Equations derived as above, immediately from the primitive equa- 
tion by differentiation, are named immediate differential equatiims. 
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56. By the diflferentiation of equations we may find othen 
which will express the relation between the variables and their dif 
ferentials, for any values of eitlier or all of the constants. Thus, 
if we t^e the equation of the right line 

y = fla? + b (1), 

differentiate and divide by (2r, we have 

a result which is the same for all values of b. By the Buhstitation 
of this value of a in equation (1), we have 

ydx = xdy + Mr, 

which is the same for all values of a. 

Differentiating (2) and dividing by dx, we obtain 

which is entirely independent of both a and 6. 
Take also the equation 

y* = mo; + na^ (3). 

By two differentiations, we get 

2ydy = mdx + 2nxdx 

dy* + yd^y = wAc*. 

By combining the three equations, m and n may readily be elim- 
inated, and an equation obtained which will be entirely indepen 
dent of them. The result of this elimination is 

y'ctc* + a*iy* + yx'(?y — 2yxdydx = 0. 



I 
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Again, by differentiating the equation 

j^ — 2(U^ + a* = 0, 

and eiiminatmg a, we obtain 

leya^da^ — 24tsi^dydx + dy^di^ = 0. 

And in general, all the constants of any equation may be eUnu- 
nated by differentiating it as many times as tbere are constants. 
The differential equations thus obtained, with the given equation, 
make one more than the number of constants to be eliminated ; 
an equation may therefore be derived which will be freed from 
these constants. Equations thus obtained are properly the differ- 
ential equations of the species of lines, one of which is repre- 
sented by the. given equation, since being independent of the con- 
stants they are evidently the same for all lines of the same kind 
referred to the same co-ordinate axes. 

57. By differentiation we may free an equation of exponents, as 
in the example 

u = v% 

du = nt^^dv, or vdu = nr"di?, 

and finally 

vdu = nudv. 
Or thus, 

Zm = fo" ; whence lu == nh, 



-... .. J 



du ndv 

u V 



or vdu = nudv. 
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58. Tlie Differential Calculus enables us also to eliminate, froin 
an equation containing tbrco variables, an arbitrary function of 
either two, the form of which maj be entirely unknown. Thus if 

« = F(/[^,y]), 

the form of the function designated by the symbol F being arbi- 
trary, w^e can find a differential equation expressing a relation be- 
tween a?, y and the partial differential coefficients — — , which 

dx dy 

will be the same, no matter what the form of the function F may 
be. 

Make A'^y)^* 0)t 

then 

tt = F{z), du = Y\%)dz (2). 

Differentiating (1), first with reference to x and then with refe- 
rence to y, and substituting the values of di thus obtained in (2), , 
we get 

5 = f'W S ("■ I = ^'W I- (*>■ 

from which F'(z) maj^ be eliminated, and the resulting equation, 

between x, y, — and — , will be the differential equation required- 
ox (/y 

Such equations are called partial differential equations. 

To illustrate, suppose 

1. j\x^ y) = ax + by and u = F(ax + hy). 

Place ax + hy =z z, then — = a, and —- = J. 

dx dy 
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These values in equations (3) and (4), give 

whence 

du __ du 
dx dy 
a h 



and finally 



dy dx'~ ' 



2. Let 

A^^y) = ^ + 1/" = ^ and tt = F(a;» + y»). 



Differentiating z, we find 



— = 2a; and rr- = 2y ; 

dx dy 



whence 



^ = F(z)2x and ^ = F(z)2y. 

dx dy 

from which, by eliminating F'(z), 

dy dx 



3. Let /(,, y) = * 

10 
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VANISHING FRACTIONS. 

59. In the dlscuosion of the resulU obtained by the apj)lication 
of the Calculus, we ofton meet with exj)re5sions which, for a par- 
ticular value of the variable, become f . This, although in gene- 
ral the algebraic symbol of an indeterminate quantity, does not in- 
dicate such a quantity in the particular cases referred to. As in 
the example, 

ax -^ :i? 



a' —x" 



which becomes f when x =■ a\ if we divide both numerator and 
denominator by the common fietctor a — a;, we obtain 



a -hx 



and this, when x = a, reduces to }, which is the true value of the 
fraction in the particular case. 

Expressions of this kind are called vanishinf^ fractions, and re- 
duce to J in consequence of the existence of a factor common to 
both terms ; which factor becomes under the particular suppo- 
sition. 

All such fractions may be represented generally by the expres- 
sion 

P (3; — g)* , 

in which P and Q are functions of x. 
There are three cases : 
1. When ffi = », the fraction becomes 
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P(jr -- g)"* _P 

2. When m > n, it may be put under the fonn 

P (a? — g )"^" 
Q ' 

m '^ n hemg positiye ; and this, when x^ a^ becomea 

A 

= 0. 



Warn 9 

8. When m ^^rij the fraction may be put under the form 



Q (a: — fl)' 
n-^m being positive, and this, when 9 = a, becomes 



= 00. 






« 



60. Whenever the comioon factor is evident, the simplest me- 
thod of obtaining the true value of the fraction is to strike it out, 
and then put for the variable its particular value. But as in most 
cases it is not easy to detect this factor, other methods become ne- 
cessary. 

Let - be a vanishing fraction, r and s being fimctions of x, and 

let a be the particular value which substituted for x reduces the 
fraction to *. y . * y 

It is plain that, if we substitute a + A for s, and after reduction 
make A = 0, it will amotmt only to the 8ub8titi:^on of akft x. 
Suppose this substitution made, and that in the result both nume- 
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rator and denominator are arranged -so that the exponents of 4 
shall increase from left to right, we then have 






AA* + B^"" + Arc 
A'A" + B'A-' + Ac. 



in which A, A', B, B', m, n, &c. are constants. After reducing 
this fraction to its lowest terms, bj dividing both numerator and 
denominator by that power of A which is indicated by the smallest 
exponent, we shall have one of three cases. 



1. 


Km 


= n 










A + BA-"^ + Ac. 
A' + B'A-— + Ac. 


2. 


Urn 


>« 


• 






I J )*-iH* 


AA"^ 4- <fec 

"^ A'+ ike 


3. 


Km 


<« 





V/-"^ 



A + Ac 



9 Js^u^ A'A""^ 4- Ac 

Now making A = 0, we have for the true value in the three 
cases, 



1. 



('.\ =4, 2. (I) =±=0. 



'■ 0)--=^ 



00. 



Whence we derive the general rule. For the variable, fubsU- 
tuU that value which causes the fraction to reduce to f , plus an in- 
erement; reduce the result to its simplest form, and then make the 
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increment equal to 0. The final result will be the true value of 
the fraction for the particular value of the variable, and may be 
finite, zero, or infinite. 



Examples. 

1. Take the fraction 

(or - a)* ' 

which becomes |- when « = a. 

For a?, put a + h^ the primitive fraction then becomes 

{2ah + V)^ 
Dividing both terms by A*, we obtain 



(2a + A)*, 

which, when A = 0, becomes (2a)*, the true value. 

In this case the common factor {x — iij* is evident ; striking it 
out, we have 

(x + a)^ 
which becomes (2a)*, when a? = a. 
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2. Take the fraction 



m sin * - 

a 
f 



which becomes | when :r = 0. 
For x, put + h^orhjwe then obtain 

m Bin *— I _ + Ac. I 

-_-f. » m\l h^ /.....Jbt (44). 



or 



m sin ' — 



-="•(7 + 1:0? + *^) 



which, when A = 0, gires 



rm Bin^ — 



(7/» BlU V 
?-) =«. 



The common factor in this case is d?, as may be shown hy de- 

veloping m sin"' — , as in article (44). 

a 



61. Another rule may be thus deduced. ' t 

If the yanishing-'fraction, as in the preceding article, be' 

u = — ; then r = W5 

9 
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dr = uds + sdu\ 
in -wliich, if we make a? = a, we shall have (since «,-. = 0), 

whence 



•-=(f)- 






for the true value of the fraction in the particular case. 

If {^r)t^a = this value is 0. 

If W,— = it is 00. 

If both are at the same time, the second member of (1) be- 
comes 5, and -7- is a new vanishing fraction ; then, as above, we 
take the differentials of both its terms, put a for a?, and thus obtain 

If this again becomes }, wo continue the same process, and have 

and so on. The rule may then be thus enunciated. Take ih*: 
differentials of the numerator and denominator; in eac?iy substi- 
tute that value of the variable which reduces the original fraction 
to% ; if both do not reduce to or infinity ; what the form^ be- 
comes divided by what the latter becomeSj will be the true value of 
the fraction. If both reduce to 0, take the second differentials, and 
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make the same substitution ; or continue the differentiation^ d'c, 
until two differentials of the same order are obtained, both of which 
do not become or infinity ; wltat one becomes divided by what the 
other becomes, will be the true value of the fraction. 

It should be observed, that the effect of the application of this 
rule is, at each differentiation, to diminish by unity the exponent 
of the fiactor which causes the fraction to reduce to J, Art (27). 
If the exponents of this factor in the numerator and denomina- 
tor are fractional, and not contained between the same two con- 
secutive whole numbers, it is plain that the least one will be re- 
duced to a negative number by a less number of differentiations 
than will be required by the other. The diflferential of that term 
of the fraction which contains it, will then,, by the substitution 
of the particular value of the variable, reduce to infinity, while 
that of the other reduces to 0, and the true value of the fraction 
will be either 



-- = 00 or — = 0. 

GO 



If however, these exponents are contained between the same 
two consecutive whole nnmbers, they will become negative by the 
same number of differentiations, and the differentials of both terms 
of the fraction, reduce to infinity at the same time ; &s will the 
successive differentials. In this the only failing case of the rule, 
we shall not be able, by its application, to obtain the true value 
of the fraction, but must fall back upon the general rule, Art. (60). 
As an illustration of this, we may refer to example 1, article (60), 
in which the second differentials, and all which follow, become in- 
finite when ff = a. 



Exatnples 
11 
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r _ ar" — 1 
* "" « — 1 ' 



which becomes f when a; = 1 

dr = na^^dXf ds = dx, 

2. If 

r _ 1 — sin 0? 
8 ooa X 



which becomes f when a; = — , 



dr =^ —' cosxdxj ds == — sinxdx, 

^ ,- r __ ax* — 2acx + dc* 

7~" Ja;* — 2bcx + ftc*' 

(fr = {2ax — 2ac)dar, d« = (2hx — 2&c)dx, 
both of which reduce to 0, when x = c. Differentiating again. 



and 



W.-. ~ ~b' 
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4. Take ^' ~ when a? = 0. Ans. la — lL 



u "* 



5. fnl {l+l) '=0- « 





X 




1 — 


sin ar + 


cos X 


sin OP 


+ cos a; 


— 1 


a — 


X — ala -f alx 


a - 


- V2aa; - 


-a:* 


«* 


X 




1 — 


X -^ Ix 




ar — 


2 sin a; 





2 



7. a? = fl. 



8. —I :L- a: = 1. 



9. "^ ~ ^ "^"^ * « = 0. 

a; sin a; 



62. We sometimes meet witJi the product of two factors, one 
of which becomes 0, and the other oo , for a particular value of the 
variable. Let rt he such a product^ in which r becomes 0, and t 
infinite. It may be written 






which, for the particular value, becomes {. Its value may then bo 
determined as in the preceding articles. 

Example, 



Let r< = (1 — a?) tang — , when of = 1, 
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Writing it under the proposed form, we have 



2 
the true ralue of wliich, when « = 1, is -. 



I* m 

63. The fraction - may become -g, in which case it may be 
written 



r ^ 1 



which becomes go x — = ^ X 0, and may then be trei^ted as m 

OD 

the preceding article. 

64. Sometimes also, we find expressions which become oo — oo . 

Let i-1, 

r s 

be such an expression, r and s becoming 0. It may be written 

1 JL^_ J — r 

r tf "~ rs 

which will reduce to }• For an example, take 



1 



cot X 2 COS X 
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which becomes oo — oo, when « = -. By redacdon we obtain 



X svax — ? 
2 

COS X 



the true value of which is, — 1, when « = -. 

2 



MAXIMA AND MINIMA. 

65. A function is at a maximum state, or a maximum^ when it 
is greater than the state which immediately precedes^ and greater 
also than the state which imm^iately follows it ; and a minimum^ 
when it is less than both of these states. 

Thus, if It be a function of x, and x be decreased so as to give 
the next preceding state to u, denoted by u!\ and then increased, 
by the same quantity, so as to give the next succeeding state u* ; 
if tt be greater than both u" and u' it will be a maximum ; if less, 
a minimum. 



66. If u is a function of x^ and x supposed to be increasing, it 
is evident that when passing from the preceding states to its max- 
imum, u must increase as x increases, that is, be an increasing 
function of x ; and when passing from its maximum to the suc- 
ceeding states, it must decrease as x increases, that is, be a de- 
creasing function of X, In the first case. Art (12), the sign of its 
first differential coefficient must be positive, and in the second, 
negative ; therefore at the maximum state the first differential co- 
efficient must change its sign from plm to minus. For a similar 
reason at a minimum state, the first differential coefficient must 
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change its sign/rom minus to plus. But as a quantity can change 
its sign only by becoming zero or infinity, it follows that no value 
of the variable will give a maximum or minimum value to the 
function, unless the same value reduces the first differential coeffi- 
cient to zero or infinity. 

The roots of the two equations 

E = ° <•>• "* £=-•" l=° «■ 

will then give all the values of x, which can possibly make u <i 
maximum or a minimum. After having obtained these roots, let 
each, first with an infinitely small decrement, and then with an in- 
finitely small increment, be substituted in the given function ; if 
both the results are less than the one obtained by substituting the 
root, the latter will be a maximum ; ifrboth are greater, a minimum. 

Or if it be more convenient, let each of these roots, with an infi- 
nitely small decrement and increment, be successively substituted in 
the first difierenjbial coefficient ; if the first result be positive, and 
the second negative, the root will make the function a maximum ; 
if the reverse, a minimum. If the two results have the same sign, 
the root under consideration will give neither a maximum nor 
a minimum. 

Since equations (1) and (2) may give several roots which will 
fuiy the required conditions, there may be more than one maxi- 
mum or minimum state of the same function. 



Examples. 

1. If « = a + (x - by (3), 

$f=2(r^6) and ^"^ ^ 



dx ^ du 2{x — b) 
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Placing --. = 0, we have 
ax 

2{x — 6) = ; whence « = 6 

If in equation (3) we substitute first, b — htor «, and then 
b + hjVre have 

tt" = a + A* and «' = o + hf 

both of whidi for all values of A are greater than « = a, the result 
obtained by substituting bforx] hence u =^ a U a minimum, 

ctx 
The only value of x which will reduce -^ to Oisx =00 ; tbeie 

au 

is then no finite value of x which will satisfy this condition, hence 

« = 5 gives the only minimum state, and there is no maximum. 

2. If 



tt = a — (« — 6)* (4) 

du __ — 2 ^ , (f a: __ — 8(« — 5)» 

dx "" 8(x — 6)i 5tt 2 ' 

Placing J- = we obtain a; = oo , which gives no finite Bolu- 
ax 

tion. . 

Placing — r= 0, we have 
du 

B{x — 6) = ; whence x = b. 

If then in (4), we substitute first b — A, and then b + h, for a?, 
we have 



u'* =:a — A* and u' = a — A% 
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both of ^liich are less than u = a, the result of the substitution 
of & for 27 ; u = a is then a maximum and the only one, and there 
is no minimum. 

If in the first differential coefficients in the abore examples we 
substitute h — h and J + A for a?, we obtain in the first, for 5 — h 
a negative, and (or b + h & positive result, and in the second the 
reverse, as it should be. 



67. AVhen the states which immediately precede andfoUow the 
maximum or minimum state of u, can be deduced from Taylor's 
formula, a more convenient rule may be applied. To demonstrate 
it; let 

u =f{x), 

then 

W ==f{x + h) u" =/(« -. h), 

and by Taylor's formula 



, du. ^ d^u h^ , d^u h^ . 

dx dx" 1.2 rfaj" 1.2.3 ^ 

,. du -, , d^u l? cPu A' . . 

dx d:^ 1.2 rf«3 1.2.3 ^ 



> Art. (34.) 



In order that « be a maximum it must be greater than both u' 
and u'\ that is, the second members of the above equations, for an 
infinitely small value of A, must be negative ; and for a minimum 
the reverse. But for any value of A less than the one referred to 
in article (11), (and of course when A is infinitely small), the signs 
of the series will be the same as the signs of their first terms ; but 
these terms have contrary signs, hence there can be neither maxi- 
mum nor minimum unless the first term of each series be 0, which 
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requires that — = 0. The roots of this equation -will then, in the 

case under consideration, give all the values of x which can possibly 
make u either a maximum or minimum. 

Let a be one of these roots, and let it be substituted for x in the 

two series, then, since ( — j = 0, we have 

\dxj^^a 

^ ^'- \rfx»J,.a 1.2 ^\d2^).^a 1.2.3 ^ 

^ \dxy,^. 1.2 \dJ^J,^a 1.2.3 

The signs of the series now depend upon that of / ^ j , and wi 
both be negative, and «,.„ a maximum, if / — J is iicga- 

— 1 =0, the 
signs of the series will again be contrary, and there can be neither 



( 



ill 



maximum nor minimum unless ( ~" ^ = 0, in which case the 

V' 



:)-■■•' 



signs will be the same as that of/ — \ : And in general, if there 

be either a maximum or minimum, the first differential coefficient 
which does not reduce to when ^ = a, must be of an even order, 
negative for a maximum, and positive for a minimum. Whence to 
determine the maximum or minimum states of a given function. 
Find its first differential coefficient and place it equal to ; substi- 
tute each of the real roots of the equation thus formed, in the second 
differential coefficient. Each one which gives a negative result, will 
when substituted in the function make it a m^iximum, and each which 
gives a positive result will make it a minimum. If either reduce 
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the second differential coefficient to 0, substitute in the ihird^ fourth^ 
ike. until one be obtained which does not reduce to 0. 1/ this be 
of an odd order, the root mil correspond to neither a maximum nor 
minimum ; if of an even order and negative, there vnll be a corres- 
ponding maximum ; if positive, a minimum. 



Examples, 

1. If II = — + a«* — Sa% 

^ = s* + 2ax — 3a«, ^ = 2aj + 2a (1). 

ax djT 

Placing the value of -- =0, we have 

dx 

a:* + 2aa? — 3a* = 0, 

the roots of which are a: = a, and a? = — 3a. The first substi- 
tuted in (1) gives 4a, which being positive, indicates a minimum. 
The second substituted in (1) gives — 4a, which indicates a maxi- 
mum. Substituting the roots in the given function, we have for 

the minimum u= — — , and for the maximum u = 9a'. 

3 

2. If tt = 2a^ + a^x, 

g = 8^ + «. g = 24^ (2). 



Placing the value of t- = 0, we have 

dx 



8a:' + a® = 0; whence a: = — -. 

12 
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Tliia value of x in (2) gives 6a*, and indicates a minimum, which 
So* 

IS M = — . 

8 



68. Let V = Au, 

M being any function of x. Bj differentiation, <!^c., we have 

dv __ tdu dS> __ * <ftt ^ 

dx ^ dx dji^ ^ dx*^ 

from which it appears, that those values of a:, which make — = 0, 

dx 

will also make — =0, and the reverse. Also, that any of these 

dx 

values, when substituted in the second differential coeflSeients, will 
give results affected with the same sign. Dence every value of x 
which will make u a maximum or minimum will make Au a maxi- 
mum or minimum. Therefore a constant positive factor may he 
omitted during th£ search for those values of the variable corrtS" 
j^onding to a maximum or minimum. 
To illustrato, take the example 

h2ax — 3^) (1). 

a 

Omitting the constant factor, we may write 

u = 2ax — «*, 

dx dar 



du 

Placing _- = 0, we find a: = a, which in (1) gives the maxi- 
dx 

mum value ah. 
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69. Let v = tt", 

u and V being functions of x, and n entire. Then 

dz **" dx 

Now every value of x which will make ■-- = 0, will also make 

dx 

•p = ; and if the same value makes nu'*~^ posiiivty it will give to 

-- the same sign as - — (since >—_ = 0) ; that is, if it makes u 
dc* ds? djT 

a TnaTitniim or minimum it will make v a maximum or minimum. 

If it makes htf**"^ negative^ii will give to--—- a sign contrary to that 

djT 

d'u 
of -7-^ ; that is, if it makes u a maximum, it will make v a minimum, 

dsr 
and the reverse. 

All values of x, however, which will make o == u" a maximum 
or minimum, will not necessarily make u a maximum or minimum, 
for the equation 

- = fitt"^* ~ = 
dx dx 

may be satisfied by making either 

mr-^ = 0, or $? = 0. 

dx 

Those values of x which satisfy the first, and not the second of 
these equations, will make u neither a maximum nor minimum, 
but may make o s u" a maximum or minimum. As in the ex- 
ample, 
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dv = 2udu ~ = 2tt ■-. 

dz ax 



dv 

We may make -j- = 0, by placing either 

dx 



2tf = 2(a' — ar*) = ; whence ar s= a. 



or 



~ = - 3x» = 0, " « = 0. 



The value « = a evidently makes v a minimum, but as it 

does not reduce _ = -- do^ to 0, it will make u neither a maxi* 

dx 

mum nor minimum. 

The value « = answers to neither a maximum nor a minimum. 
As the corresponding power of a radical express^ion is formed by 
omitting the radical sign, we may, in accordance with the above 
principles, omit it, and seek those values of the variable which will 
make the power a maximum or minimum. We are sure thus to 
get all the values which will make the root a maximum or mini- 
mum. Care should be taken, however, not to use any of those 
which belong only to the power. 



70. In a manner similar to the above, it may be shown that any 
value of the variable which will render « a maximum or minimum 
will also render log u and a" a maximum or minimum. 



71. It often happens that the first difierential coeffident is com- 
posed of two or more variable factors, each of which, when placed 
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equal to 0, may give values of the variable, corresponding to maxi- 
mum or minimum states of the function. Let 

*f = XX', 
dx 

be such a coefficient, X being when x = a. Then 

— =:X— 4- X'— • 
d^ dx dx 

or since X = wben x = a^ 



(S)...=(-S)„; 



That is, to obtain the corresponding value of the second diffe- 
rential coefficient ; multiply the differential coefficient of that foe- 
t€T which ie 0, by the other factors, and then st^aUiiUe the particu- 
lar value of the variable. To illustrate, let 

u = «■(« — a)\ 

^ = 2x(x - ay(4x - a), 
dx 

which is equal to 0, when 

2ar = ; whence x = (1). 

{x — a)' = ; " x = a (2). 

(4;p-.a) = 0; " X =± (3). 

4 

m 

Taking the first factor 2x, and multiplying its differential coeffi- 
cient by the other factors, we obtain the expression 
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2(a; — a)\^x — a) ; 
from whiclif hj making a; = 0, we obtain 






which indicates a minimmn. 

Multiplying the differential coefficient of the third factor 4j; — a, 

by the others, and making x z= -. we obtain a negative result, 

4 

which indicates a maximum. 

The second value of x reduces .-- to 0, but will make — - posi- 

tive, and give a minimum, Art (67). 

72. If the function be implicit, we have only to find its differen- 
tial coefficient as in article (17) or (53), and proceed as with an 
explicit function. To illustrate, take the example . 

y* - 2mxy + «» - a» = (1), 

and let it be required to find the value of x which will make y a 
maximum or minimum. By differentiating as in article (53), we 
obtain 

« 

2ydy — 2mxdy — 2mydx + 2xdx = ; 

whence 

rfy ^ my-x 

ax y ^ mx 

Pladng this equal to 0, we have 

my — « = ; whence x = my^ 
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which, in equation (1), gives 



y = ; whence x = 



Vl — m« Vl — »»» 



Differentiating the factor my — a?, equation (2), dividing by dx, 

and multiplying by ■ — , Art. (71), we obtain the expression 

y — mx 

y — fnx ax 

which, by the substitution of the values of y and x^ (since then 

,— = 0), becomes 
dx 



— 1 

1 



a-y/l — m* 



and indicates a maximum. 



73. The only difficulty in the application of the preceding prin- 
ciples to the solution of problems, consists in obtaining a convenient 
algebraic expression for the function whose maximum or mini- 
mum state is required. No general rule can well be given by 
which this expression can be found. In order to indicate as clear- 
ly as possible the methods to be pursued, we will give the solution 
of several cases differing from each other. 

1. Required the dimensions of the maximum cylinder, which 
can be inscribed in a given right cone. 
Suppose a cylinder inscribed, as represented in the figure. Let 
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2. Bequired to draw a tangent to the given quadrant ABD, so 
that the triangle CFG shall be a minimum. 

Let CB = R, FB = a:, BG = y ; 
then FG = a? + y. The area of the 
triangle is equal to ^CB x FG, which * 
since ^CB is constant, will be a minimum 
when FG is a minimum, Art. (68). In the 
right angled triangle CFG, since CB is per- ^ a f 

pendicular to FG, we have 

R' = onf ; whence y = — , 

X 




and 



R^ 
FG = M = a? + fl 

X 



** - 1 — 5! _ a^- R' 
dx ar* «* ' 



which, being placed equal to 0, gives a? = R, and y = R. 

Hence the angle BCF = 45°. Obtaining the corresponding 

cPu 2 

value of -— — , as in Art. (71), we find for a result -— . 

dor R 



3. The whole surface of a right cylinder being given, it is re- 
quired to find the radius of the base, and altitude, when the so- 
lidity is a maximum. 

Let m' = the surface, x = the radius of the base, and x = the 
altitude, then 

But 

13 
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m* = 2frxz -f 2ra^ ; whence « = 



2flrx 



therefore 



2 



"v/r: ■»■' -Vs. 



and ic = \/ — , and 2 = 2 \/ — , when t? is a 

maximum. 



4. Required to divide a given quantity a, into two parts, such 
that the wth power of one, multiplied by the nth power of the 
other, shall be a maximum. 



If X = one of the parts, then x = 



w 4- « 



5. In a given triangle, it is required to inscribe a maximum rec- 
tangle. 

The altitude of tlie rectangle = ^ altitude of triangle. 

C. A certain quantity of water being given, it is required to find 
the relation between the radius of the base and altitude of a 
cylindrical vessel, open at the top, which shall just hold the water 
and have its interior surface a minimum. 

The radius = the altitude. 

7. Required the maximimi rectangle which can be inscribed in a 
circle. 

Each side = RvT 

8. Required the maximum cone which can be inscribed in a 
giv^n sphere. 
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9» Bcquifed the minimum triangle that can be circumscribed 
about a given portion of a semi-parabola. 

10. Required the maximum cylinder that can be inscribed in a 
given ellipsoid of revolution. 

11. Required the axis of the maximum parabola that can be 
cut from a given right cone. 

12. Required the minimum value of ^ in the equation y =. 3f, 



MAXIMA AND MINIMA OP FUNCTiaN3 OF TWO OR 

MORE VARIABLES. 

74. A function of two or more variables is a maximum when it 
is greater, and a minimum when it is loss, than all of its consecu- 
tive states. Let 

u = f{x, y\ then u' =/(ar + h,y + h\ 
u'^u^h{j> + p'O + ^ (y 4- 2^'/ + q"e) + &c (1), 

after placing in the development of article (49), 

, «. du du , 

dx dy 

The sign of this series, when A is infinitely small, will depend 
upon the sign of its first term. Now we shall obtain all of the 
consecutive states of w, by giving to li and h proper infinitely small 
values, both positive and negative ; and therefore, when u is either 
a maximum or a minimum, the sign of u' — u for all these values 
of h and h must be the same : But the first term of the series (1) 
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evidently changes its sign when the sign of h changes ; there can, 
then, be neither a maximum nor a minimum, unless 

h{p +p't) =:0 or p + p'i = 0, 

and since this must be for all values of t = ^, we must have se* 

h 

parately p = and p* = 0, or 

^ = (2) ^ = (3). 

dx ^ ' dy ^ ' 

The values of x and y, deduced from these equations and substi- 
tuted in the second term of ^series (1), {h and k being infinitely 
small,) should make it negative for a maximum and positive for a 
minimum. Tl^is term may be put under the form 






which, if there be a maximum or minimum, must not change its 
sign for any value of t ; but this requires that the roots of the 
equation 






be either imaginary or equal ; that is, that q and q*' have the same 
sign, and ^" < qq*' or ^ = qq'*. 

The conditions then are 

\d^) ^ d? ^ "^^ ^' "" d? ^ 5p' 

and also that — —and — - have the same siflni, after the values of 

da^ dy* * ' 

X and y deduced from the equations -^ = and -— = have 

dx dy 
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been Bubstiiuted : And since the sign of the second term will 
then depend upon q"^ the sign of --j must be negative for a max- 
imum, and positive for a minimum. 

If the second term becomes 0, we must substitute the values of 
X and y in the third, which must also be 0, and the sign of the 
fourth negative for a maximum, and positive for a minimum ; the 
discussion of the several conditions of which, although comphca- 
ted, may be made in a manner similar to the above. 



Examples. 

1. Required to divide a number a into three parts, such that 
the cube of the first, into the square of the second, into the first 
power of the third, shall be a maximum. 

Let X = the first part, and y = the second ; then a — x ^ y 
= the third, and 

tt = ir'y' (a — a; — y), 

^ = xYiZa - 3y - 4x), ^ = «'y(2a - Zy ^ 2x). 

ax dy 

Placing these equal to 0, we have 

8a — 3y — 4a; = 0, 2a — 3y — 2* = ; 

whence 

a a 

X = — , y = — 

2 ^8 

We have also 

g = f| = itf{Sa - 8y - fix), 
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dxay 
^' = ^ = x»(2a - 6y - 2x), 

which for the particular values of x and y become 

_ a* _ a* _ ^ 

P T? 8 

Hence 

Y = < W = rr-» wid --T = ; 

^ 144 ^ ^^ 7? d^ 8 

u is therefore a maximum when its value is 



432 



2. Make the preceding proposition general, hj putting for the 
cube, square, and nrst power, the mth, nth, and rth powers. 
Then 

u = ar"y"(a — « — y)% 

ma na 

^ = — : : » y = 



m + n + r m + n +r 

3. Required the shortest distance from a given point to a given 
plane. 

Let the equation of the plane be placed xmder the form 

« = A* + By + D, 

and the co-ordinates of the ^ven point be oK, y', and x' ; then 

«= V{x - a;/)* + (y - y')" + (« " ^)'. 
or putting for z its value, 

tt= V{x - ar')» + (y — y')' + (Aa:+ By + D - «')». 
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Calling the radical, B, we shall have 

du_ y ^ y^ + (A3? + By + D - gpB 

du_ a; — a;^ + (Aa; + By + D — z')A 
dp*" R 

Placing these equal to 0, and solving the resulting equations, 
we may obtain the values of x and y ; and thence, of z. Or other- 
wise, putting for Aa? -f By -f D its value z, we have 

y — y' 4- B(z— z') = 0, and a: — a?' + A{z — a/) = 0, 

which are evidently the equations of a perpendicular to the plane, 
and if combined with the equation of the plane will give the values 
of X, y, and z. 

75. In order that a function of three or more variables be a 
maximum or a minimum, we must have 

du f. du f. du f. . 

dx ay dz 

and the relation between the partial differential coeffic^nts of the 
second order must be such, that the second tem, in the develop- 
ment of the difference u' — u shall remain of the same sign, for 
all the consecutive values of the function. 

APPLICATION OP THE DIFFERENTIAL CALCULUS 

TO CURVES. 

76. To X in the expression 
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assign a particular value, and deduce the coircspondJng value of u. 
These values, taken together, may be considered the co-ordinates 
of a point which may then be constructed. By assigning an in- 
finite number of values to x, and deducing the corresponding 
values of u, an infinite number of points may be determined, 
which, being joined, will form a curve whose equation is tt ^ /W* 

I Ilence, we conclude that every function of a single variable may he 
regarded as the ordinate of a curve^ of which the variable is the 

, abscissa. 






77. Let BMM' be a curve, the equation of which is y = J[x) ; 

and M any point of this curve, the 
co-ordinates being x and y. In- 
crease the abscissa AP or «, by ^ 
the variable increment FP' =^; M 
denote the corresponding ordinate 
* P'M' by y' ; and draw the secant 




T A p 

M'MT'. Then 



(L 



M'Q = FM' - PM = y' - y = m^^F'h^ Art. (10). 

From the triangle M'MQ, we have 

tang M'MQ = M^ = tang MT'X, 

and placing for M'Q and MQ = PP', their values, this becomes 

PA -f- FA* 



tang MT'X = 



= P + FA (1). 



Now if A be diminished, the point M' approaches M, and the 
secant M'T' approaches the tangent MT, and finally when A = 0, 
the point M' coincides with M, and the secant with the tangent. 
If then in (1) we make A = 0, we have 
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tangMTX = P = ^; 

dx 

> that is, the tangent of the angle which a tangent line at any point 
of a curve makes with the axis of X, is equal to the first differen- 
tial coefficient of the ordinate of the curve. To show the applicji- 

I tion of this principle, let us take the equation of a circle 

^ + y« = R«; 

whence 

^J = -- (2); 

dx y 

for die general value of the tangent of the angle made by a tan- '^ ■ ^7^^ , 
gent at any point of the circumference, with the axis of X. y' ^ - . .^ /_ ^ 

If the particular value at a point whose co-ordinates are x" and *' - ' • "^^ 
y" be required ; for x and y, let a?" and y" be substituted, then 

Take also the equation 

y* = ffix + ««* ; 
whence 

dy __ m + 2nx __ m + 2nx 



^ 2y 2-/OTz + nx* 

For the particular point y" and a;", this expression becomes 



* Note.— The notation JL, _JL, dtc, is used to indicate what the 

first, second, &c. dificrential coefficients become, when for the general vari- 
ables X and y the particular values af and y^ are substituted. 

14 



^ 
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dy" _ m + 2?u:" 
^" 2 -/jni'''+7u"'' 



4 

v'/^ 



/ 



8. If it bo required to film the point of a given curve, at which 
:he tangent lino makes a given angle with the axis of X, we know 
that at this point the first cliflerential coefficient must be equal to 
the tangent of the given angle. Calling this tangent a, we mu^t 
then have 

dy 

dx ~~ 

and this combined with the equation of the curve will give the 
particular values of x and y, for the required point. 

If the tangent line is to be parallel to the axis of X, then for 

the point of tangency, -?- = ; and if perpendicular, -^ = oc. 

dx dx 

We will illustrate each of these ca'^es by an example. 

1. Let it be required to find the point on a given parabola, at 
which the tangent line makes an angle of 45® with the axis. The 
equation of the parabola is j^ = 2pXy by the differentiation of 
which, &c. we have 

dy_ p 
dx y 

But as tang 45® = 1, we have, for the required point, 

dx y 
and, combining this with the equation y* = 2pa:, we find 



DIFFERENTIAL CALCULUS. 107 

The tangent at the extremity of the ordinate passing throuii;h 
the focus, will then fulfil the required condition. 

2. Let 

y = a + (c-*)* (1) 

represent a curve ; then 

which is equal to 0, when x =i c; and this value of x in (1) gives 
y = a. These are then the co-ordinates of the point at which the 
tangent is parallel to the axis of X. 

3. Let 

y =: a + {c^xy 
represent a curve ; then 

dy 1 



^ 2(c « «)* 



which is equal to infinity, when x =^ c. x = c and y = a are then 
the co-ordinates of the point at which the tangent is perpendicular 
to the axis of X. 



79. If x" and y*' represent the co-ordinates of a given point on 
a given curve, whose equation is y = f{x) ; the equation of a 
straight line passing through this point will be 

y — y" = a{x — x"), 
a being indeterminate. This will become the equation of a tan- 



[ 
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gent line at the given point, if for a ve put -^ We Uiiu ob- 
Uun 

y-y" = ^ (*-«") (1). 

By differentiating the equation of an ellipse 

ay + 6V = a»6«, 

we deduce 

dy Vx , dy" 8»x" 

~ = ; whence -^-~ = — 



and this value in (1) gives, for the equation of a tangent, to an 
ellipse at the point y", x'', 

which, by reduction, becomes a*yy" + l^xx*' = a'ft*. 



80. If the equation of a tangent be required, which shall be pa- 
rallel to a given line, or make a given angle with the axis of X ; 
we may determine the co-ordinates of the point of contact as in 
article (78) ; and knowing these, tlie equation may be deduced as 
above. 

Thus, if a tangent to a circle be required to make with the axis 
of X an angle whose tangent is 2, we must have for the required 
point, equation (2), Art. (77), 

dx y ' 



mm* 
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From this, we find y = , which, combined with the eqna- 

tion of the circle, gives 

and equation (1), Art. (79), becomes, when we use the upper 
signs, 



. » „/ 2R\ 



or y = 2i; — RV'B. 



4 



81. The general equation of a normal, deduced from equation 
(1), article (79), is evidently 

or 



82. The right angled triangle MTP (Figure of Art 77) gives 

PM = PTtangMTP; hence pt - ^^ . , 

tang MTP' / 



or 



Svhtangent = ^ = y ?5, 

dy dy 

dx 
Also 

MT = VSFTWi 



110 DIFFXRK2VTIAL CALCVLUS. 

or 

The right-angled triangle PMR gives 

PR = MP tang PMR; but PMR = MTP; 

hence 

PR = MP tang MTP, or Subwrmal = y^ 

ax 

Also, 

MR= VmP + PR*! 
lience 

To appl J these formulas to a particular curve, it is only necessa- 

TV to substitute in each the value of ---, or -^, deduced from the 

ay ax 

differential equation of the curve. The results will be general 
for all points of the curve. K the values for a given point be re- 
quired, in these results let the co-ordinates of the point be sub- 
stituted for X and y. 

For example, take the general equation of Conic Sections, 

y^ i=z mx + fuf \ 

whence 

dy _ m + 2nx &_ 2Vmx + fu^ 

^ 2Vtnx + iwr* dy " m + 2nx 

These values substituted in the formulas, gtre 



■ 



4tftO' (k*^ 
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PR = «L+J?i. 

m + 2nx 2 * 
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FT = ^('^ + "^ 



V V m + 2iu? J 

MR = ymx + ««* + j-(»» + 2iur)*. 
For the parabola n = 0, and these expresaions become 



PT = 2x. 



PR=^ 



MT= Voto: + 4a5«. 



MR 







83. If a curve be convex towards the axis of X, and the ordi- 
nate ^x»t/fve, as in the annexed fi- 
gure, it is plain, that as the abscissas 
AP, AP', <!bc. increase, the tangents 
of the angles MTX, M'T'X, Ac, will 
also increase, and the reverse. Since 
these tangents are represented bj 
the corresponding values of the first difierential co-eflBcient of the 

ordinate ( -^ ], it mtist be an increasing function of x, and its dif- 
\dxj 

ferential coefficient, i. e., — ^, must be positive, Art. (12). 



If the curve be still convex, and 
the ordinate negative ; the tangents 
of the angles STX, S'T'X, &c. 

plainly decrease as x inc^ases ; ^ 

dx 
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is a decreasing function of x; and — ^ must be negative, 

» 

If then a curve be convex towards the axis of abscissas, the or- 
dinate and its second differential coefficient, taken at the different 



points, mil have the same sign» i^ ^J /j H 

If^he 



iX 



/ 





;^— ui /I o<^c /v^^^c- , 



e be cijmcave, and 
the ordinate positive, as in the 
figure ; the tangents of the an- 
jr-x glos MIX, M'T'X, &c. will de- 
crease as X increases : -J- will be a decreasinfj function, and — ? 

ax ° ' dc* 

negative 

II the curve be concave and the ordinate negative ; the reverse 

will evidently be the case, and —4. will h^ positive. 

ax 

Hence if a curve be concave 
towards the axis of absdssas, 
the ordinate and its second dif- 
ferential coefficient mil hcuje con- 
trary signs.^^ fj :j (\^: ^ 







ASYMPTOTES. 

84. An asymptote is a line which, continually approaching a 
curve, becomes tangent to it at an infinite distance. Asymp- 
totes may be curvilinear or rectilinear. The latter only will be 

considered here. 

Let MV be any curve, and BC a 

rectilinear asymptote. Also let MT 

be any tangent line, the equation of 

which, article (79), is 







DIFFERENTIAL CALCULUS. 11? 

If we make y = in this eqttation, we obtain 

ar = a?" — y"^ = AT (1). 

^ dy" ^ * 

M we make « = 0, we obtain 

y = y"-^'^ = AS (2). 

Now as the point of contact M, the co-ordinates of which are 
a?" and y", is removed farther from the origin, the tangent MT 
will approach nearer to the asymptote BC ; and finally, when M 
is at an infinite distance, the two will coincide, and the distances 
AT and AS become respectively equal to the distances AB and 
AC. 

If then the expressions for AT and AS, when such valitcs at'e 
substituted for x" and y" as to remove ike point M to an infinite 
distance^ are both finite, there will be an asymptote, which may be 
drawn through the points B and C. 

If one of these expressions becomes infinite, and the other finite, 
there will be an asymptote parallel to the axis on which the dis- 
tance is infinite. 

« 

If both expressions become infinite, there will be no asymptote. 
If both become 0, the asymptote will pass through the origin of 
co-ordinates, and the tangent of the angle which it makes with 

(ft/" 
the axis of X may be obtained from the value of -^^,when for jf" 

dxf' 
and y" the proper values are substituted. 

Hence to construct the asymptote of a given curve ; find, by dif- 

fcrentiating the equation of the curve, the values of and 

rfjc" dy"^ 

which substitute in formulas (1) and (2) ; the results thence ob- 
tained by substituting for is" and y" their values for that point of 

15 




' 
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the curve which is at an infinite distance, will be the di&tances cut 
off from the co-ordinate axes by the asymptote, if there is one. 



Examples, 

1. Take the equation of lines of the second order, 

y" = mz + nx*. 

By differentiation, <Scc., we obtain 

dy ^ m-h ^nx _^ m + 2nx 

dx~^ 2y — ± 2Vmx + «?' 

m 

whence 



dy" _ m + 2nx" 

dx" " ±: 2-/m?H^li?^* 

Substituting this and the value of y" = ± i/«u;" + iw"* 
in (1) and (2), we have 

AT = ^^-^(^^' + "<:!) = -:Z^— = -"* (3). 



^ . fBx" + 2fwr"* m ,.v 

V a?" 



In this case, the co-ordinates of that point of the curve which 
is at an infinite distance are a;" = oo and y" = oo. Making a/' 
= 00 in (3) and (4), we have 
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00 



AC = _ •" "» 



\/¥ 



±:2Vn 



For the hyperbola n is positive, these expressions are both finite, 
and, as there are two different values of AG, there are two asjmp- 

2B* B' 

totes, and since m = and n = — -, we have 

A A*' 

AB = — A, AC = ± B. 

For the parabola n = 0, the expressions are both infinite, and 
there is no asymptote. 

For the ellipse n is negative and AC imaginary, as it should be, 
since there is no point of the curve at an infinite distance, and of 
course no asymptote. 

2. Take the equation 

«■ — 3oay + y* =5 0, 
From formulas (1) and (2), we obtain in this case 

AT = f'y" (5), AS = ^'^' (6). 

As it is difficult to obtain the value of y in terms of x from the 
given equation, we can not at once eliminate y" from (6) and (6) ; 
but if we make x == ty and substitute in the given equation, it will 
bo divisible by y*, and we then find 

Sat 

y = 



l+f 
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If in this we make < = ^ 1, we have 
y = 00 ; henoe when y is infinite it is equal 
to ^ or, and for that point of the curve 
which is at an infinite distance we have 
y" = — x" = 00 . 

Changing y" into — x" in (6) and (6), 
they become 



1 + - 



AS = 



— a 






and making x'' =? oo , we find 

AB = — a and 

hence BC is the asymptote. 



AC = -a; 



3. Take the (Equation a^i^ = p^ 

in the curve represented by which^ the points at an infinite dis- 
tance have for their ooK>rdinates x" = 0, y" = oo , and y" = 0, 

X" = 00. 



DIFFERENTIALS OF AN ARC, AREA, AG. 



85. Let u represent any function of x and 

Q and Q' 

two functions of x and h which have the same limit, denoted by 
m ; and suppose that for all small values of h 



Q< 



u' — u 



<Q'. 



Since Q and Q' have the same limit m, they must approach an 
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equality as h diminishes, and each reduce to m when h becomes 



tt' — tt 



zero ; and since cannot for any small value of ^ be less 

than Q nor greater than Q', it follows, that being thus compre- 
hended between Q and Q' it must with them, as h diminishes, ap- 
proach nearer and nearer to m, and when k becomes 0, it must 
also reduce to m, or m mwt be its limit, that is. Art. (7), 

du 

— = th, 

dx 

Hence ; if the ratio of ike increment (A) of the variable to that of 
the function, for all small values of h, be greater than a certain 
qttantity, the limit of which is m, and at the same time less than a 
certain other quantity the limit of which is m, then will the differ- 
ential coefficient of the function be equal to m. 

We must therefore have 

u' '-u — mh + FA« Art. (10). 

By dividing this, first by QA and then by Q'h, we have 

m + y'h wjfFA 

Q ■ Q' 

the limit of either of which is — = 1 : Hence the limit of the 

m 

ratio obtained by dividing the increment of the function by either 
of the quantities into h, is unity. 



86. Let BM = z be any arc of a curve, the equation of which 
18 y =zf\x). Although z changes whenever ar or y is changed, 
yet the equation y =^f{x) establishes such a relation betweeii x 
and y, that one is necessarily a function of the other, z may 
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therefore be regarded as a function of either. Let us regard it as 
a function of x, and let AP = x, PM = y ; and increase x by 

Y It PP' = A ; then 

liM' = z\ and MM' = z' — * 
Q will be the increment of the arc Xj and 

M'Q = / - y = PA + FA«, 




A T 



F~* the increment of the ordinate y. 



Draw the tangent MN at the point M. We then have 



dy 



tang NMQ =s ^ = P, 

ax 



NQ = PA, 



NQ - M'Q = NM' = - FA«, 



MM' = VmQ* + M'q' = A Vl + (P + FA)», 



MN = Vm(7TW = h Vl +P*, 

MN + NM' = hVr+F' — FA*. 

But the arc MM' is greater than the chord MM', and less than 
the broken line MN + NM' for all values of A ; therefore 

2' - « > AVl + (P+FA)", and a/ - « < hVl + P* - FA' 



or 



«'-« 



> Vl + (P + FA)', 



2/ — « 



< Vl+P-P'A; 



the second members of each of which expressions become 



vTTp*. 



when 



A = 0. 
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Therefore, in accordance 'with the principle of the preceding ar- 
ticle, we must have 



dz = yds^+dp; 

that is, the differential of an arc is equal to the square root of the 
sum of the squares of the differentials of the co-ordinates of its 
points. 

To illustrate, take the equation of a circle 

«« + y« = R«; 

whence 

J xdx xdx 



y VK' - a^ 

and 






87. Since, also, bj article (85), the limit of the ratio 



/tVTTlF+1^ 



MM' 



is unity, ire prove that the limit of the ratio of a chord to its cor* 
responding are is unity. 



88. Let BMP = «, be any area limited by a curve and the 
axis of X ; it will evidently be a function of x. 
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Lot AP = X, PM = y, PF == A; 
then P'M' = y + PA + P'A*, 



and 



PMMT' = y — « 



■p — X the increment of the area «. 



The rectangles PM' and PQ being constructed, we have 

PQ = yA, PM' = P'M'A = (y + PA + P'A»)A. 

But the area PMM'P is always greater than the rectangle PQ, and 
less than PM' ; whence 



*' — * > yA, 



and 



^^ — * < (y + PA + P'A% 



or 



tf' - <f 



>y, 



s' — s 



<y + PA + P'A', 



both of which quantities become y, when A = ; hence, Art. (85), 



ds 

— = y 

dx 



and 



ds = ydx ; 



that is, the differential of the area is equal to the ordinate of the 
hounding curve into the differential of the abscissa. 

The differential of the area included between the curve and axis 
of Y, may be found in the same way to be 

ds = xdy. 

If the axes of co-ordinates are oblique to each other, the rect- 
angles PQ and PM' become parallelograms ; the area of the first is 



yAsinu, 



and of the second 



(y + PA + FA«)A sinw. 
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u representing the angle made by the axes of oo-ordinates ; whence 

ds ^sy smta dx. 
For an example, take the equation 



y» = R«-««; 



whence 



da = ydx = VR* — «*rfa?. 



Take also the equation 



y* = sp'*, 



the axes of co-ordinates being oblique ; then 

da = V2p'« sin d) dx. 



89. Let the curve BM revolve about the axis of X ; it will gen- 
orate a surface of revolution which will be a function of a;, and 
which we denote by tt. 

The notation being as in the preceding articles, the increment 
(tt' — u) of the surface, when x is increased by y h 

A, will be generated by the arc MM'. The line 
MN, tangent at M, generates the surface of a 
frustrum of a cone which has for its measure, 
(since FN = FQ + NQ = y + PA), 




A P 



r— X 



MN 



2r(PM + FN) :^ = «'(2y + Vh)Vh* + F/»'. 



The line M'N generates a plane surface which is equal to the 

difference between the two circles whose radii are FN and P'M', 

that is, 

10 
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»(y + PA)' - *(y + PA + P-A')' = RA*. 

expressing by R the polynomial coeffiaent of A', after reduction. 
The sum of these two surfaces always exceeds the surface u' — u. 
therefore 
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du = 2.y vSlT^= ^ viM^?: 



90. Let the area BMP revolve about the axis of X ; it will 
generate a solid of revolution, which is a function of x, and 
which we denote bj o. If x be increased by 
PP' = A, then the area PMM'P' will generate 
the increment {v' — v) of the solid. The rect- 
angle PQ will generate a cylinder, which is al- 
ways less than t/ ^ v^ and which is measured 
by iry'A. The rectangle PM' wiU generate 
another cylinder, which is always greater than 
v^ — V, and is measured by «'(y + Fh + P'A')%; hence we have 



r 

N 
M 


/ 




/ 




A 


f 1 


pr X 



l/ — t> 



>*y« 



and 



»' — u 



< *(y + PA + P'AV, 



therefore 



dx 



= *»• 



cf» = *j^dx\ 



that is, the differential of a solid of revolution is equ^il to the area 
of a circle perpendicular to the axis, multiplied by the differential 
of the abscissa of the curve which generates tht bounding surface. 

For the solid generated by the area included between the curve 
and axis of Y, we may iind in the same way, 

dv = ^^dy. 

If we take the particular case of the ellipsoid, the equation of 
the generating curve being 



^ 
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we have 






GENERAL REMARKS. 

01. Heretofore, in our treatment of the subject, we have regard- 
ed the differential of the independent variable merely as an arbi- 
trary constant, Art. (7), without having fixed U} on any particular 
value for it. All the demonstrations are then as true for one 
value, as for another. 

It is however of the greatest convenience, in the application of 
the Calculus to the higher branches of Mathematics and Physical 
Science, to regard this differential as infinitely small ; that is, so 
small as to he contained in unity an infinite number of times ; and 
hereafter it will be so regarded. 

The advantages of so regarding it will appear evident after a 
few illustrations. Let us take first the simple function discussed 
in article (7), 

u = a«*. 

After X has been increased by dx^ we have there found 

tt' — tt = 2axdx + adjf. 

Now, if the increment {dx) of the variable be infinitely small, 
the two states u and u' will plainly be consecutive, the expression 
for their difference being 

2axdx + flrfa^ (1). 
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U - 



But since dx is infinitely Bmall, its square will be infinitely small 
when compared with it : Ab may be shown by taking the identical 
equation 

1 ^dx __da^ __ iL. 
dx dj^ da? 

from which, since dx is contained an infinite number of times in 
unity, it appears that da^ will be contained an infinite number of 
times in dx ; da? in dr*, <fec. : adx^ will then be infinitely small 
with reference to 2axdx, and may be omitted from expressipn (1) 
without materially afiecting its value ; hence in this case 2axdx 
may he taken for, or is the measure of the difference u' — u, ^ /*L^^ 

is is true also in the general case, for all the teVms of the dif- 
ference, except the one which we have taken for the dififerential, 
will contain ef x to a higher power than the first [see equation (3), 
Art (7)] ; they may then all be rejected, and the differential of 
the function taken, as the measure of the difference between txoo con- 
secutive states of the f junction. 
It is plain, also, since 

du = pdx, (?« = g(Za^, (Pa = rda^y &c Jj-t. (26), 

that the second differential of a function is infinitely small when 
compared with the first, and the third when compared with the 
second, and so on. It is usual to call these, infinitely small quan- 
tities of the first, second, and third orders ; and we see, from what 
precedes, that every infinitely small quantity may he omitted with- 
out error, when connected by tlie sign db with one of a lower order. 

In the application of the Calculus to curves these principles are 
of great use. Let BMM' be a curve ; MP, M'P', 
any two consecutive ordinates ; PP' = P'P" 
= P"P'", &c., being each equal to dx ; then 
the difference between y and y', or y' — y = 
M'Q, is equal to dy ; and «' — s = MM' = rfz: 



^9 



p p 1" p 
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Or sinoe z' - z may represent the differenoe MM', M'M'', 
M"M'", between any two consecutive states of the arc, the diflfer* 
ent values of d% may in succession represent the infinitely small 
arcs MM', M'M'', &c the sum of all of which will be equal to the 
entire arc x. 

So the difference between the two areas BM'P' and B^IP is 
equal to PMMT' .= di ; and the different values of ds may in 
succession represent the infinitely small areas PMMT', P'M'M'T'', 
tkc, the sum of all of which will equal the entire area 9 : And in 
' general, if the variable be increased by its differential, the corret- 
ponding increment of the function may he represented by the differ- 
ential of thefunctioUj and the sum of all the different values of this 
differential will equal the function itself. 

In accordance with the above principles, the expressions in arti- 
cles (86), (88), (80) and (90) are at once deduced. 

1. The arc MM' is equal to z' — 2 = Jz ; and since the limit 
of the ratio of the arc and chord is unity, they continually ap 
proach an equality as they decrease ; and when both are infinitely 
smally the one may be taken for the other. But 

the chord MM' = Vmq' + MM^* = Vdx" + df ; 
honce 



r rf« = Vdo^+dy\'^ ^ ^ ^ ^' ^- ^^^ '"^''^ 



And if Xy y and % denote the co-ordinates of the points of a curve 
w in space, we may find in a similar way 



dw= Vds? + dy* + cfa«. 

2. Tlie area PMM'P' = «' — s = rf^ ; and since the limit of 

PMM'P' 
the ratio is unity, the area PMM'P', when infinitely 

small, may be taken for the rectangle PQ. But 
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PQ = PM X PF = ydx; 

hence 
fyy ds=ydx. 

3. The surface generated by the arc MM' is equal to k' — u 
= du, and this will not differ from the surface of the frustrum 
generated by the infinitely small chord MM', which is equal to 

MM' 

[2«y + 2«'(y + dy)] -^^ = *(2y + dy)& = 2«y<fc, 

iff 

smce dy may be rejected ; hence 
^ ^ du^ 2rydz = 2«y Vdx" + df.::^^ J/ir ^r ^^^7 » 

4. The solid generated by the area PMM'P' = c' — r = rf» / 
will not differ from the solid generated by the rectangle PQ which 

is equal to 



wM? X PF = iry'dar ; 



hence 



/ ^ /^- 



dv = «7'da;. 



SINGULAR POINTS. 



92. A singular point of a curve is one at which there exists 
some remarkable property, not enjoyed by the other points. 
By a general discussion of the equation 

y ==> + «(« -a)- (1), 
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we shall meet vfiih Bome particular curves, on which some of these 
points will be found. 

Ist Let m be an entire and even number. 

By the differentiation, &c of (1), we have 



i-= mctx — II^*~*. 



d»y 



^^.^fne(x^a)^ (2), ^=.m(m^ l)c{x^a)^ (3), 



dy 



= tn(7n — 1) 2.1 .c 



Placing 



^=0, 
dx 



we obtain 



X = a. 



This value of x, when substituted in (1), (2), (3), Ac, gives 
p = bf and reduces the successive differential coefficients to 0, as 
far OS the mth, which, if c be positive, becomes a positive constant, 
and is of an even order ; hence y = & is a minimum ordinate, 
Art. (67). 



* 



*^y 




Since for x = a, we have --^ =: ; the tangent line at the ex- 
ax 

tremitj of this minimum ordinate is parallel to 
the axis of X ; and since (m and m — 2 being 
even) for all values of x except x = a, y and 

j^ are positive, the curve at all of its points is 

convex towards the axis of X, Art (83). 

If e be negative ; the with differential coefficient will be nega- 
tive ; and x = a and y = 5 will be the co- 
ordinates of a point at which the ordinate 
is a maximum. In this case, the second 
differential coefficient for all values of x, ex- 
cept X = a, is negative, and the curve, for all positive values of y, 




^ 
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concave, and for all negative values of y, convex, towards the axk 
of X. 

2d. Let m be an entire and odd number. 

When X =s a, the first differential coefficient as hefore, is equal 
to 0, as also the second, third, &c. The mth, however, ifcbepo 
sitive, is a positive constant, and of an odd order ; there is then, in 
this case, neither a maximum nor a minimum, Art (67). 

By examining the second differential coefficient, we see (since 
m — 2 is odd), that for every value of a? < a, 
it is negative ; that for a; = a, it is ; and 
when X > a, it is positive ; hence for all values 
of a; < a, which give y positive, the curve is 
concave towards the axis of X ; and for all 
values of a: > a it is convex, as in the figure. 
Therefore at the point whose co-ordinates are x = a and y = b, 
as X increases, the curve changes from being concave, and becomes 
convex, towards the axis of X. 

If c be negative ; the reverse will be the case, and as in the se- 
cond figure, at the point M, whose co-ordi- 
nates are a; = a and y = 3, there is a change 
from convexity to concavity towards the axis 
of X. Such points are singular, and are 
called points of inflexion. In both cases the 
tangent line at the point of inflexion is paral- 
lel to the axis of X, and also cuts the curve. 

dd. Let m be afractionf the numerator and denominator of which 
are odd^ as |. Then 




y =^b + c{x — ay, 



dy _ 3c 






3c 



^ 5{x— a)i 



.&c,; 
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^ dx 



00 



— ^ = 00 • <fec. 




TjTc 6e positive ; zl for all values of x < a will be positive, and 

for all values of x > a, negative ; hence for all 
values of x less than a which give y positive, 
the curve will be convex, and for all values of x 
greater than a it will be concave towards the 
axis of X, as in the figure. 

I/c be negative ; the reverse is the case, as in the second 
figure. 

The point M, whose co-ordinates are x = a 
and y = ft, is in both cases a point of inflexion 
at which the tangent line is perpendicular to the 
axis of X. Whence we may say : a point of tn- 
flexion is one at which, as the abscissa increases, 
a curve chanties from being concave towards any 
right line, not passing through the point, and becomes convex, or the 
reverse. 

If the right line be taken as the axis of abscissas, this point will 
always be characterized by a change of sign in the second differen- 
tial coefficient of the ordinate. For, since the curve on one side 
of the point is concave, and on the other convex, the second dif- 
ferential coefficient in one case has a different sign from that of 
the ordinate, and in the other the same ; hence at the point the 
sign must have changed. In order that this may be the case, 
the second differential coefficient must be equal to zero, or 
infinity. 

The roots of the two equations 




^=0 



and 



dx" " ' 
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will then give all the values of the variable which can belong to 
points of inflexion. 

It someUmes happens that a point of inflexion lies on the axis 
of X, as in the second case above discussed when b = 0, In this 
case X ss a gives 

y = and -r^ = 0» 

ax 

and the corresponding point M is a point of in- 
flexion, at which both the second difiercntial 
coeflicient and ordinate change their signs. 

It is evident from the preceding discussion, 
that if any right line be drawn through a point 
of inflexion, the curve on both sidos of the point will either be 
aonvex towards the line, or concave. 

4th. Let m he a fraction with an even numerator, as }. Then 

y = 5 + c(j: — a)*, 

du 2c 

dx 8(x — a)* 




X = a gives 



dx 



dry 
dj^ 


=s — 


1 
3 


2c 
3(j: — 


a)»> 


> 




— 


a>. 





dy 



c being first regarded as positive ; if a: < a, -^ will be negative, 

dx 

and if X > a, it will be positive ; hence at the point whoso co-or- 
dinates are x^=i a and y = ft, ~^ must change its sign from 

dx 

minus to plus, whidi change indicates a minimum ordinate, 
Art. (66). 

If e be negative ; the reverse will be the cauj, there will be a 
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change of sign from plus to minus, and the ordinate ivill be a max • 

imimi. 

In the first case, the second differential coeffi- 
cient for all values of a; is negative, and the ordi- 
nate positive ; the curve is therefore concave to- 
wards the axis of X, as represented in fig. (a). 



V- 



u 



jk 



In the second case, ^ is always positive. For 

all positive values of y the curve will then be convex, and for all 

negative values of y concave, as in ^, (5). The 
tangent at the point M is in both cases perpen 
dicular to the axis of X. 

The point M is singular, and is called a cu9p. 
It is a point at which the curve, when interrupt- 
ed in its course in one direction, turns immediately into a contrary 
one. 

oth. Lei m be a fraction with an even denominator^ as }. 
Since the denominator of the fraction indicates that the square 
root is to be taken, the double sign db must be placed before 

{x — a)*, and we then have 



ax ^ 



dPy 
dp 



3c 



4 (a? — a) 



f 



Every value of « < a gives y imaginary ; « = a gives y = b, 
and a; > a gives two values, one greater and the other less than 
b. There is then no point on the left of that one whose co-ordi- 
nates are a; = a and y = ^ ; but on the right of this point the 
curve must extend indefinitely and consist of two branches. 



ax 



X = a gives 
the tangent at M is then parallel to the axis of X. 



Cf. , 



/ 



\ 



( ^ 



/ 

f 



/ 



• ^ *-/ C •'* "^ 



y 



/• 



/ 



y-.A. 



f f ^ 



r^ i 



./. 
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Each value of a? > a gives two values for --L, 

the one positive corresponding to the greater 
value of j/f and the other negative ; hence the 
upper branch is convex, and the lower concave, 
as in the figure, and the point M is a cusp. 




03. Let us now take the equation 
from which we deduce 



y = a:" dz X* 



dx 2 



^ = 2 =fc ^ Ir* 
dx^ 2 2 ' 



When a? = 0, we have y = 0. If ar be negative, y is imagina- 
ry. For every positive value of x, there are two real values of y, 
both of which are positive as long as a:" > «* or a? < 1 ; after 
which, one is positive and the other negative. 



When a; = 0, 



-- = ; also when 
dx ' 



5 i 



/u'^ \ ^ ' 



Cf^ 



16 



2 dr 2a;^ = 0, '^^ or a- ^ 

hence the axis of X is tangent to the curve at the origin, and the 

tannfcnt to the lower branch, at the point whose abscissa is 

^ ^ 26' 

is parallel to the axis of X. 

The first value of ~ belongs to the upper branch, and is always 
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positive. The second value is also positive as long as 2 > i i « , 

or « < ^*y ; after whicli it is negative. 

Tlie origin is then a cusp, at which both 
branches lie on the same side of the 
common tangent, and is of the second 
species, those before discussed being of 

the Jirst species. The point of the lower branch whose abscissa 

is ^f'is a point of inflexion. 

94. By differentiating the equatioir 



y = 5 ± (af — a) y« — c. 



we derive 



^ — 



$ = ±vrri=b 



X — a 



2Vx — c 



For every value of « < c, y is imaginary. 



For « = c, y = ^ 



and 



rf»_ 



dx 



z=: 00. 



For every value of a? > c, there are two real values of y. 



For X = a, y = ^> 



and J- =:±: ^a-^Cj 



and at the corresponding point M there are two tangents, one 

making an angle, the tangent of 

which is + Va — c, and the 

other — Va — c. The point M 
is singular, and belongs to a class 
^ called multiple points, or points at 

which two or more branches of a curve intersect. If but two 



B 






//.'■ ' " .■ 



/ 

/'.; V 



f ' 

• ' ' -^ ** t Co;' - — 
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intersect, the point is a double multiple point ; if three, a triple , 
and so on. Since there will be a separate tangent to each branch, 
at one of these points, it will be characterised by two or mora 
values of the first differential coefficient, for the same values of 
the variables. 



95. From the equation (/^t* 



af 



U r^ y ^'/ 



rn i^ 



/ 



we derive 



r ^ < < ^ , 



= ±\/' 



x'^x — b) 



dy 
dz 



Sx — 26 
2Va(a?-6)' 



Since a? = gives y = 0, the origin A is a point of the curve. 
All negative values of x make y imaginary, as also all posilive 
values less than b ; hence A has no consecu- 
tive point. Such points, given by the equa- 
tion of a curve, but having no consecutive 
points on either side, are singular, and are 
called isolated or conjugate points. At these 
points it is plain that no tangent can be drawn, 
and that therefore the corresponding valtie of ^ 

the first differential coefficient must be imaginary ; as in the above 
example, ^ = gives 

- b 




dy __^ 

dx^ ^/ZT^' 



06. We will close this branch of the subject by a dl^^cua&iou of 
the equation 

af ^ a? + {b — c)j? + bcx = ; 
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whence 



= ±\/ 



x(x — b)(x + c) Jy _ ^ 8ar' — 2j(ft -- c) — be 
a ' dx "^ 2V~ax{x-'b) (x + c) 



Each of the values, ar = 0, a? = 6, ar = — c, gives y = 0. 

Every negative value of a? > c gives y imaginary ; while every 
such value less than c gives two equal values of y with contrary 
signs : Every positive value of a: < 6 gives y imaginary, and every 
such value greater than b, gives two equal values of y with con- 
trary signs. The curve is then symmetrical with reference to the 
axis of X. 

Each of the values, a? = 0, x =^ b^ x = —- c^ reduces -?to qo ; 

dx 

hence at the three corresponding points the tangent is perpendic- 
ular to the axis of X. 
By solmg the equation 

8a? — 2x{b — c) — fcc = 0, 

we shall find two real values for ar, 
and thus determine the points at which 
the tangent is parallel to the axis of 
X. The curve may then be drawn 
as in the figure, in which AC = — c 
andAB = 6, 



c* 




If c = 0, the equation becomes 

ay* — . «• + Zo* = 0, 

and the oval AC reduces to the conjugate point A, as in the pre- 
t'edin;: article. 
If J = 0, the equation becomes 

ay* — »* — ca? = 0, 
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and the curve takes the form indicated in figure 
(6), the origin being a double multiple point, since 

Jl becomes equal to ± * /^ 
If h and c are both equal to 0, the equation becomes 



^ 



ay* — a^ = 0; whence y 



= -v^. 




and the curve will be as in figure (c), the point A being a cusp of 
the first species. 



OSCULATORY CURVES AND CURVATtJRE. 



v. 



L f^ 4 



97. It is now proposed to examine the tendency which curves, 
with a common point, have tp coincide with tach other in the vi- 
cinity of this point ; and also the use which may be made of this 
property of curves. 

Let there be the three curves BB', 
CC, DD', ha\dng the point M common ; 
the co-ordinates of the first curve being 
represented by x and y, those of the 
second by ^ and y^ and those of the 
third by «" and y". 

Since the point M is common, for this we have 




AP = « = ar' = a/' 



PM = y = y' = y". 



Suppose the abscissa AP to be increased by the variable A, we 
^haU then have 

18 



1* 
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FM"=/'(x' + *) = ^ + ^A+g*L+g^+ic 

axf dx'^ 1.2 dxf^ 1.2.3 

J \ -r ) ^ ^ dx" ^ dx"* 1.2 ^ da:"» 1.2.3 ^ 
in which 

^, ^, ^, Ac, 

dx' dc*' dr*' 

represent, what the first, sw?cond, <fec., differential coeflScient^, ob- 
tained fijom the differential equations of the first curve, become by 
the substitution of the co-ordinates of the common point 

_iL , -iL, &c., are corresponding values for the second curve ; 

_iL_ -iL <fec for the tliird. 

By subtracting the second and third equations, each, member 
by member^ from the first, and making 

cLb dar' <2x dxf' 



d^ dx^ dj^ d£ 



we have 



M'M" = AA + A'— 4- A"— + Ac, 

1.2 ^ 1.2.3 

M'M'" = BA + B'— + B"-^ 4- Ac. 
^ 1.2 ^ 1.2.3 

Now, if A be made infinitely small, the points M', M", M'", wiD 
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become consecutive ^th the point M, and it is plain that the se- 
cond curve will approach nearer to a coincidence with the firsts 
than the third does, if M'M" is numerically less than M'M"', 
that is, if 

AA + A'-^ + A"— + &c. < BA + B'—^ + W'— 4- &c. 
1.2 ^ 1.2.3 ^ 1.2 1.2.3 ^ 

This condition wiU necessarily be fulfilled if A is equal to 0, and 
B is not, as we shall have, after omitting the factor A, 

A' — + A"— + Ac<B + B'A. + B"-^ 4.&c^ 
1.2 ^ 1.2.3 ^ 1.2 1.2.3 ^ ^ 

a true inequality when h is infinitely small, as then the whole of 
the first member will be less than tlie finite quantity B. 

But A = ffives -^ = -i-, 

that is, the first and second curves have a conmion tangent, or are 
tangent to each other at the common point. 

If A = and B = 0, the three curves have a common, 
tangent, and in order that M'M" < M'M'", we must have 

A' A + A"-A_ + <fec < B'i- + B".-^ + Ac, 
1.2 ^ 1.2.3 ^ 1.2 ^ 1.2.3 ^ 

which, it is proved as before, will necessarily be the case if A' = 
and B' is not. We have thus in addition the condition 

d^" dx'*' 

If B' = or ^ = ^' also, then M'M" < M'M'" 

dx" dx"^ ' ^ 

if in addition to the other conditions we have 



140 DIFFERKNTIAL CALCULUS. 

A" = or ^ = %'. 

and in general the second curve will Have a greater tendency tlian 
the third to coincide with the first, if the first and second have 
more equal successive differential coefficients of the ordinate at the 
common point, than the first and third. 

Two curves which have a common point, and the first differen- 
tial coefiSdents of the ordinate taken at this point equal to each 
other, are said to have a contact of the first order, or are simply 
tangent to each other. 

If tlie first and second differential coefiScients of the ordinate ta- 
ken at this point are equal to each other respectively, the contact 
h of the second order. 

And, in general, if the first m differential coefiicients of the or- 
dinate taken at this point are equal respectively, the contact is of 
the mth order. 

To illustrate, take the two equations 

y* = •**• (1), y = » + 1 (2). 

By combining them we find a common point, the co-ordinates 
of which are 

3?" =1, y" = 2. 

By differentiation, we find from (1), 

1=^ <")■■ •"«»• ^=M 

and from (2), 

Differentiating again, we have from (3), 

J=-^; whence j^'^ -:^; 
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and from (4), 



A A 



The two lines having a point in common, and the first differen- 
tial coefficients of the ordinate equal at this point, have a contact 
of the first order. Since the second differential eoefiiicients are not 
equal, the order of contact is no higher than the first 



98. The constants which enter into the equation of a curve de- 
termine its extent and position with respect to the co-ordinate 
axes. If then one curve be given completely, and another in kind 
only, by its general equation, the constants in this equation being 
arbitrary, we can evidently assign such values to them as shall 
cause the curve to fulfil as many conditions as its equation contains 
constants ; that is, we may make the co-ordinates of one point of 
the second curve equal to those of a given point of the first ; and, 
in addition, as many differential coeffidents of the ordinate taken 
at this point, for the second curve, equal to the corresponding ones 
of the first, as there are constants to be disposed of, less one ; thus 
giving to the second curve an order of contact at a given point of 
the first, denoted hy the number of constants less one. 

To ascertain the values which must be assigned to the arbitrary 
constants : Obtain first, the value of the ordinate from the equation 
of the second curve, (the abscissa being assumed equal to the ab- 
sciss^i of the given point,) and place it equal to the ordinate of the 
given point ; or what amounts to the same thing, substitute the co- 
ordinates of the given point in the equation of the second curve ; ob- 
tain then the first differential coefficients of the ordinate by differen- 
tiating the equation of each curve, substitute in these the co-ordinates 
of the given point, and place the results equal ; do the same with 
the successive differential coefficients, until as many equations are 
formed as there are r.rbitrary Constants. By the solution of these 



142 DIFFERBNTIAL CALCULUS. 

equations we can find those values of the constants which will 
cause the conditions to be fulfilled. These, substituted in the 
equation of the second curve, will give an equation which will re- 
present the particular curve having the required order of contact. 

The curve, which at a given point of a g^iven curve has a higher 
order of contact than any other of the same kind, is called an oi- 
culatrix. Thus, an osculatory circle is one which has a higher or- 
der of contact than any other circle. 

Since no more conditions can be assigned than there are con- 
stants ; the highest order of contact which can he given to a curve ^ 
is denoted by the number of constants less one, which enter its most 
general equation. 

Let these principles be applied : 

Ist. To find the equation of an osculatory right line. 

Let the equation of the given curve be 

and the co-ordinates of the given point, x** and y". For this 
point, we have 

The most general equation of the right line is 

y = ojr + h (1), 

containing but two arbitrary constants. The first condition to be 
fulfilled is, that the value of y deduced from this equation, when 
X == a:", shall be equal to y", that is 

y" = ax" + b (2). 

The first differential coefficient of the ordinate derived from the 
equation of the given curve is -^, which for the given point be* 
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comes. 3^ The first differential coefficient derived from equa- 

tion (1) is -r^ =r a ; hence the second condition is 
ax 

^' = a (3). 

By the solution of equations (2) and (3), we find 

a = -^, z=y" i— ar'. 

dxf' ^ dxf' 

These values in (1), give the equation 

y = ^:r+y"-.^Cr", or y - y" = ^(* - «")• , 

i I 

This, as it should be, is the same eqt»tion as that deduced in 

Art. (79). J 

2d. To find the equation. of the osculatory circle at any point ' - ^ ;, 
of the curve whose equation is y =J\x). 

Denote the given point, or point of osculation, by «" and j^'. 
The most general equation of the circle is 

(«-«)' + (y - /3)' = R». (1), 

containing three arbitrary constants. I A contact of the second or- I 
l^er may therefore be given to the circle.! ' 

By differentiating the equation y =71^)) <^<^ substituting a;" 
and y*' in the first and second differential coefficients, we obtain 

^ and ft 

dx" Jar"« 

Differentiating equation (1) twice, we have 

{x — a)dx + (y — fi)dy = ; whence -/ = s* 

dx y — p 



» > 
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d^ + rfy* + (y — /3)cPy = ; whence — = --• 

rf*" y — /3 

But the conditions that the circle he an osculatrix are, {x heing 
assumed equal to x"^ 

* * rfa; dt>' dx' ~ daf'' 
We shall then have for the three equations of condition, 
(^' _ a)' + (y" - ^)» = Il» (2), 

ft 

5a:" y/ — p ^ '' dx"' y" - /? " 

By the solution of these, tre can find the values of R, a and /9, 
>vhidi substituted in (1) will give the equation of the osculatory 
circle. 

To illustrate, let us seek the equation of the circle osculatory to 
the parabola whose equation is 

}p = 4j:, 

at the point whose co-ordinates are a" = 1, y" = 2. 

Difierentiating the given equation twice, and substituting the co- 
ordinates 1 and 2, we find 

Ji = — ; whence '^— = 1 : 

dx y cir" ' 

dg«'~ y'' rfar"» 2 
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These values, with the co-ordinates of the given point, placed in 
the equations of condition, give 

{l-a)« + (2-i8)» = R* 

1 — a 1 2 . 



2— i8 2 2-/8' 



whence 



a = 6 j3 = — 2 R= V32, 



and the equation of the osculatory circle will then be 

(« — 6)" + (y + 2)» = 32. 



99. Since in the three equations of condition just considered, xf' 
and \f' may, in succession, be made to represent every point of 
the given curve, we may omit the dashes and write the equations 
thus 

(«-«)• + (y - ?Sf = R« (1), 

* - * = - i(y - '^) (2), 

y-^=-^^ • (^)' 

in which it must be recollected, x and y are the co-ordinates of 
the point of osculation, a and /S the co-ordinates of the centre of 
the osculatory circle, and R its radius. 

Substituting in (1) the value of a: — a, and reducing, we ob- 
tain 

19 



^ 



' J4C 
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R. = 0, - ^). + g(, - ^)' = (y - ^)'^^^^); 



whence, hj the substitution of the value of y — ^, 



R 



dxdry 



which is a general value for the radius of the osculatory circle. 
If « denote the arc of the given cur>e, then 



dr=: Vdr'H-c// Art. (86); 

hence the above expression for R becomes 



R=d= 



di? 



dxd^y 



100. If 9 denote the angle made by the radius of the oscula- 
torj circle drawn to the point of osculation, with a fixed line as 
OP, M and M' two consecutive points, and MC and M'C the 

corresponding radii intersecting at C, then 

MC = R, MM' = dz, nn' = d^ Art. (91). 

Since MCM' may be regarded as a triangle 
• right-angled at M, we have 

MM' = MC tang MCM', 

and since MCM' is infinitely small, the arc which measures it may 
be taken for its tangent ; hence 




dz = Bd^, and 



R = — . 
d^ 
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101. The first value of R in article (09) has been deduced under 
thcf supposition that x is the independent variable. It is some- 
times desirable to change this independent variable, during the 
discussion of expressions of this kind, and to regard y or some other 
variable quantity in the expression as the independent one. A 
more general expression for R may be obtained without the par- 
ticular 'supposition referred to, if we recollect that — has been de- 

dx 

duced by the differentiation of -J-, regarding d(dx) = 0. 

dx 

If we differentiate this expression on the supposition that both 

dy and dx are variable, we have 

df^\ — ^^ y — dyd^x 
\dxj ~ dx" 

which must take the place of — , or for 

dx 

dxd^y we must jnit dxd^y — dyd^x. 

The value of R thus becomes ^ 

(d^^ df) i _ d^ . 

^-^ dxdSf - dyd'x "" ^ dxdhf - dyd'x ^ '* . 

If in this, dx be regarded as constant, we sl^iQl have the value of 
R, as in article (99). 

If dy be constant, or y regarded as the independent variable, 
then ^r/'/, ^' ^ V \ * '- '/•'',' 



(d^ + djt) ^_ d^ 
■^ dyd'x ^dyd'x 

If « be regarded as the independent variable, dz will be constant, 
and d{d2^) = ; whence 



, y^ . 
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dxd^x + d\f^y = 0. 



/ 



V Adding the square of tLis, to the denominator of the value of R' 
taken from (1), we have 



R« = 



rfz* 



dz'' 



\{<Dy)' + K^'^Y\ W + dx^) (d'yy + {d'x) 



5» 



R = db 



dz" 



Vid^yf + (d'xf 



102. Since the curve and osculatory circle at a given point have 
a tangent in common, they must also have the same normal ; but 
the normal to the circle passes through its centre, the normal to 
the curve must then pass through this centre ; or the radius of thu 
osculatory circle^ drawn to the point of osculation^ is normal to ths 
curve. 



103. Let BB' be any curve, and 00 an arc of the osculatory 

, circle. Then since — = — and -ri( = -J!-. 
^ ^jf-^^ dx d£ 

^"^"^ , J. 

^\^, we shall have, Art (97), 




dj^ dx 



ra 



M'M" = A"— + A'" ^* 



1.2.3 



1.2.3.4 



4- <fec. (1). 



Wlien A is infinitely small, the sign of M'M" will depend upon 
that of the first term of the series, which will have the same sign 
as A'' when h is positive, and a contrary one when h is negative ; 
that is, M'M" and m'm'' have contrary signs. . If then M" is below 
the curve BB', m" will be above it, and the reverse ; and the circle 
00 must intersect the curve at "M., 

It may be shown in the same way, that any osculatrix of an 
even order intersects the curve ; while one of an uneven order does 
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not . As, when the order of contact is eren, the first term of (1) 
will contain h with an odd exponent, and will therefore change its 
sign when h becomes — h. This will not be the case when the 
power of h in the first term of (1) is denoted hj an even number. 

The osculatory circle, however, does not intersect at those pomts 
about which the curve is symmetrical with its normal. For, ordi- 
nates being drawn from the |X)int3 of both, perpendicular to the 
common normal, if the ordinate of the curve on one side is greater 
than the corresponding ordinate of the circle, it will be so on the 
other side ; as may be seen in the figure, 
in which, if /m > po, then yn! "> ipo' \ ,. ._ 

or if ^ < J30, then pfC < pt/ ; hence, ^ ' 7^~ 
in this case, in the vicinity of the point M, / 

the circle lies entirely within or entirely y 

without the curve. In these cases it will 
be found that the order of contact »of the 
circle is odd, and higher than the second, for unless A" = 0, the 
circle must intersect, as shown by the preceding demonstration. 

Since the osculatory circle has a more intimate contact with a 
curve at a given point than any other circle, it will necessarily se- 
parate those circles which are tangent without the curve from those 
which are tangent within. 




104. The curvature of a curve at a given point U its tendency to 
depart from its tangent at that point. Thus, of the 
two cunres AG and A6, having the common tan- 




gent AD, the former has a greater tendency to de- \ 

part from the tangent, and has the greatest curva- 
ture. 

The curvature of the circumference of a circle, is evidently the 
same at all of its points, but of two different circumferences, that 
one curves the most which has the least radius ; as in the figure, 



no 
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the tondcDcy of abd to depart from the taa* 
gent is greater than that of ab'd', and this 
tendency pliunly increases as the radios de- 
creases, and the reverse ; that is, the eurvt^ 
tare in two different circles varies inversely 
as their radii. 

This being the case, the expression — may be taken as the mea- 
sure of the curvature of a circle ^rhose radius is R. 

Since the contact of the osculatory circle with a curve is so in- 
timate, its curvature may be taken for the curvature of the curve 
at the point of osculation ; and the two in the immediate vicinity 
of this point, may be regarded as one and the same curve ; hence, 

to compare the curvatures at dif- 
ferent points of a curve, we have 
only to compare the curvatures of 
the osculatory circles drawn at these 
points. Thus in the curve MM', 




curvature at M : curvature at M' 



. ■ 



1 

7 



105. The radius of the osculatory drcle at a given point of a 
curve is called tJie Radius of Curvature^ at that point The gene- 
ral, value of this radius is given in article (00), and it may be 
found for any particular curve, by differentiating the equation of 
the curve, and substituting the derived values of dy and d^y in the 
formula, 



R = db 



{d^ + df)i 



dxd^y 



If the value at any particular point of the curve be required 
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for X and y in tHe value just deduced, substitute the co-ordinates 
of the particular point. 

As only the absolute length of the radius of curvature is re- 
quired in determining the curvature of curves, we may use either 
the plus or minus sign of the formula. It is best, in general, to 
use that which, taken with the sign resulting from the expression, 
will make R essentially positive. 

Let it now be required to find the general expression for the ra- 
dius of curvature of Conic Sections. 

Their equation is 

y* = mx + »c* ; whence dy z=z i — — 1 — , 

These values substituted in the formula, give 

"■ 2w' 

and this, after dividing both terms of the fraction by 8, may be 
put under the form 



p __ (Vwa? + ru^ + i {m + 2na?)')' 



m« 



(1); 



the numerator of which is the cube of the normal. Art. (82) : 
Hence the radius of curvature at any point of a conic section, is 
the cube of the normal divided by the sqnare of half the para- 
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nietcr, and the radii at different pointa are to each other as the 
cubes of the corresponding normab. 

If in (1) we make z = 0, we have, at the principal vertex. 



R s= — = one half the parameter , 



which for the ellipse and hyperbola is — . 

The radius of curvature at the vertex of the conjugate axis of 
the ellipse is obtained by substituting in (1), 



2B» B« , . 

in = — , n r= -» — , and x = A< 



x* 



The result is 



A* 
R =: --. = fme half the parameter of the conjugate cms, 

13 



It may be readily shown that _ is Me least value which R ad- 
mits of; therefore the curvature at the principal vertex of a co- 

A' 

nic section is greater than at any other point Likewise, -^ is 

the greatest value of R in the ellipse ; hence the curvature of the 
ellipse is least, at the vertex of the conjugate axis. The curva- 
ture of the other two curves diminishes as we recede from the 
vertex. 

For the parabola n = ; we then have 



p _ (*»' + 4»i«)* 
2m* 
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EVOLUTES. 



106. If at the different points of a given curve osculatory 
circles be drawn, and a second curve 
traced through their centres, the latter 
is called the Evolute of the former, 
which is the Involute, Thus CC" is 
the evolute of the involute MM'". 
Points of the evolute may always be 
constructed by drawing normals at the 
different points of the involute, and on 
each of these normals laying off the 
corresponding value of R, deduced as in article (105). 




107. If a and j9, the co-ordinates of the centre of the osculatory 
circle, be regarded as variables, they will determine all the points 
of the evolute ; but a, /3, and R, are functions of .t and y, the co- 
ordinates of the points of osculation ; and the relation between 
these ^y^ variables is expressed by the three equations of Art. (99), 
which may be written thus. 



{X - a)' + (y - )8)' = R«. 



(1). 



(« - a)dB + (y - /3)iy = (2), 

(y - P)d?y + dy' + d^ = (3). 



If we differentiate (1) and (2), regarding all the quantities, ex- 
cept dx, as variaUes, we obtain 

(« - a)<to + (y - i8)dy - (« - a)rfa - (y - /3)«ij8 = MR, 

da? + di/ + {y- P)<Py — dxda — dydfi = 0, 
20 
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and these, hj means of equations (2) and (3), are reduced to 

- (a: - a)ia - (y - /3>f/3 = BdR (4), 

— dxda — dydfi = (6). 

Equation (5) gives 



.(6). 



dy '^ da 

is the taugcut of the angle which a normal to the involute 

dy 

dB 
at the point (x, y) makes with the axis of X, Art (81), and -y- is 

doL 
the tangent of the angle which a tangent to the evolute at the 
point (a, /S) makes with the same axis ; hence these angles are 
equal. But the normal at the point (x, y) passes through the 
point (a, ^), Art. (102) ; therefore the normal and tangent form 
one and the same line ; that is, the radius of curvature is normal 
to the involute, and tangent to the evolute. 

The evolute may therefore he constructed, by drawing a curve 
tangent to the normals at the different points of the involute. 

From what precedes, it is plain that the evolute may be re- 
garded as formed by the intersections of the consecutive normals 
to the involute, and that the point of intersection of any two con- 
secutive normals may be taken as the centre of the osculatory 
circle, which passes through the two consecutive points of the 
involute at which the normals are drawn. 



108. Equation (6) of the preceding article, combined with (2), 
gives 
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Subdtituiiiig this value in (1), we have^ after rednctioiiy 
(.-p/J^^^R* (7). 

Substituting the same value in (4), reducing and squaring both 
members, we obtain 

Dividing this bj (7), member by member, and taking the root, 

Vda* + dj8^ = cm. 

But if a; represent the arc of the evolute, we have 

dx = Via* + d^ Art (86); 

hence 

dR = dx, iR — rf« = 0, d(R -* «) = ; 

whence R — 2 must be a constant, Art (14), or 

R = a? + c. 



109. If any two radii of curvature be drawn, as one at M and 
the other at M' ; the first being denoted by R, the second by R', 
and the corresponding arcs BO and BC by % 
and 2^, we have 

R = « + c R' = z' + c ; 

whence 

R' - R == 2' — 2;; 
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that is, the dijftnrtnee between any two radii of curvature is equal to 
the are of the evolute interested between them. 

If in the equation R = i? + c? we make a; = 0, and denote bj 
r, the corresponding value of R, we shall have 

r = + c = c; 

that is, the constant c is always equal to the radius of curvature 
which passes through the point of the evolute, from which its arc 
is estimated. 




If we estimate the evolute of the ellipse 
from the point C, we have 



c == MC = -. 
A 



hence 



.Art. (106). 



R = X 4- - . 
A 



Also, since 



A* 
B' 



M'C — MC = — - ?? = CC. 

B A 



If the evolute and (Mie point of the involute be given, and a 
thread be wound upon the evolute and drawn tight, passing 
through the given point M, fig. (a) ; when the thread is unwound 
or evolved^ the point of a pencil first placed at M, will describe the 
involute ; for, hj the nature of the operation, CC is always equal 
to M'C -MC. 



110. The equation of the evolute of any curve may be found 
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thus : Differentiate the equation of the involute twice ; deduce the 
expressions for^ and Jy, and substitute in the equations 



y-^=_:r^-- (1) 



*-*= -fj9-^) (2) 



Art (99) ; ^ 




dy 
dx 

combine the results, whidi will contain the four variables a, j3, x^ 
and y, with the equation of the involute, and eliminate x and y ; 
the final equation will contain onlj ei, jS, and ccmstants, and will 
therefore be the required equation. 

As an example ; let it be required to find the equation of th» 
evolute of the common parabola. 

The equation of the involute is 



y*= 2px\ whence 



Substituting these values in (1) and (2), and reducing, we have 

y-P^^^^-y, whence -.^=^ (8); 

F F 

« — a=-~~i> W; 

P 

and putting for y, in (3) and (4), its value ^2px = (2p)*a?', we 
have 

— /3 = , « — a = — 2« — 2*. 

*>2 



dy^ 
dx 


,P. 




d^y- 


_ — 





-' ; 
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The value of x := -(a — p) taken from the last equation, 

8 

and substituted in the preceding, gives 

which is the required equation. 

If we make /3 = 0, we have a = 1>> ^^^ 1aj^°£» ^^ 

AO s p, will be the point at which the 
evolute meets the axis of X. If we trans- 
fer the origin of co-ordinates to this point, we 
have 

hence 

2lp 

Since every value of a' gives two values of jS', equal with con- 
trary signs, the curve is symmetrical with the axis of X If a' 
be negative, j8' is imaginary, and the curve does not extend 
to the left of 0. The branch CO' belongs to AM, and CC to 
AM'. 




TRANSCENDENTAL CURVflS. 

111. The most general division of curves is into the classes, 
Algebraic and Transcendental, 

When the relation between the ordinate and abscissa of a curve 
can be expressed entirely in algebraic terms [see Art. (5)], it be- 
longs to the first class ; and when such relation can not be ex- 
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pressed without the aid of transoendental quantities, it bebngs to 
the second class. 



112. One of the most important of the latter class is 

THE LOGARITHMIC CURVE, ^^ i ' ( ^ ^^^ * k* - -^ ^ ( i < t -^ t 

80 named, bemuse it may always be referred to/a set of co-ordinate 
a^es, such that one co-ordinate will be the logarithm of the other. 
Its equation is usually written 

y = log X, 
or, if a be the base of the system of logarithms, 



The curve is given when a is known, and 
may be constructed by laying off on the axis 
of X the different numbers, and on the cor- 
responding perpendiculars, the logarithms of 
these numbers: Or it may be constructed 
from the equation x = a', by making j/ = j^, 
\i it ^c. ; whence the corresponding values 
of X are 



X = Vfl^ a; = a V^ x = Va, etc. 

When y = 0, a? = 1. This being the case for all systems 
of logarithms, shows that all logarithmic cur>'es, when referred to 
the same axes, cut the axis of X, or axis of numbers^ at a distance 
from the origin equal to unity. 

If a > l,and x > 1, y is positive and increases as x increases ; 
if X <C If y is negative and increases numerically as x decreaMB 
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until 0? =: 0, when y =r -* oo . If :r be negative, there will be no 
corresponding value of y. The curve will then be of the form in- 
dicated hy the full line in the %ure. 

If a < I, the reverse will be the case, and the curve will be re- 
presented by the dotted line. 



lid. If now we differentiate the equation y = log ar, M being 
the modulus, wo deduce 



rfy_M 

dx X 


dj?" IF 


a: = 


dy M 

dx ' 



When 



hence the tangent at the corresponding point is the axis of Y ; and 
since for x = 0, y = » w , this tangent is an asymptote. 

When iP=oo, ^ = ?1 = 0. 

dx «> 

But X = 00 gives y = oo ; hence there is no tangent parallel to 
the axis of X, at a finite distance from it. 

The value for the subtangent on the axis of X is 

. PT = y^=log*^. 
dy ^. M 

If the subtangent be taken on the axis of Y, we have 

dx 

that is, ike subtangent <m the axis of logarithms is constanif and 
equal to the modulus of the system in which the logarithma arc 
takdiu 



If M = 1, • 
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Since, when a > 1, ^ is negative for all values of x, the part 

€LX' 

BM is concave towards the axis of X, and BM' convex. 

When a < I, M is negative, ^ will be positive, the part Bmf 
convex and But concave. 



114. Another remarkable transcendental curve is, 

THE CYCLOID, 

which is generated by a point m the circumference of a cirde, 
when the circle is rolled in the same plane, along a given straight 
line. 

Let AB be the given line, and suppose the circle to have been 
placed upon it, so that the generating point was at A, and then to 
have been rolled to the position RME. 

The generciting point now at M, has generated the arc AM. 




Take the origin of co-ordinates at A, and let AP = «, PM = y 
and RE, the diameter of the generating circle = 2r ; then 



AP = AR - PR. 



.(1). 



But since every point of the circumference from M to R, as the 
curcle was roUed, came in contact with AR, we have 

AR = arc MR = ver-sin"**RN = ver-9in~'y. 
21 
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Also, • 

PR = MN = VITN xNE = Vi{2r - y) = V2ry - y". 
SubetitutiDg the values of AP, AR and PR in (1), we have 



X = ver-sin'''y — V2ry — y*. (2), 

which is the equation of the Cycloid. 

After the circle has been rolled over once, every point of the 
circumference will have been in contact with AB, and the genera- 
ting point will have arrived at B ; we have then 

AB = circumference of generating circle = 2«r. 

The given line is called the base of the Cycloid, and the line 
CD = 2r perpendicular to AB at its middle point, is the axis. 

If the rolling of the circle be continued beyond the point B, an 
infinite number of arcs, each equal to ADB, will be generated. 

Every negative value of y in equation (2) makes x imaginary ; 
hence there is no point of the curve below the axis of X. 

y — 2r, gives a: = ver-8in'"'2r r= <r = AC. 

Every value of y > 2r makes x imaginary ; hence the great- 
est ordinate of the curve is equal to the diameter of the genera- 
ting circle. 

By differentiating (2) we have. Art. (42), 

V2ry - y» V^ry — y« 



or reducing 



dx = ^ y^y (3), 

Vary — y* 



DIFFERENTIAL CALOCTLUS. 168 

which is the differential equation of the Cycloid. 

115. Substituting the preceding value of dx in the formulas of 
article (82), and reducing, we have 

Suhtangent, PT == ^ 



V2ry - y* 



Tangent, MT = yV^ ^ 



Svbruyrmal, PR = V2ry — y*. 
Normal, MR = '/2ry. 

Since the subnormal PR = V2ry — y" = MN, the diameter 
£R and normal MR intersect the base at the same point Hence, 
to construct the normal at a given point, join it with the point 
at which the corresponding position of the generating circle is 
tangent to the base : Or, upon the greatest ordinate CD as a 
diameter, describe a circle, and, through the given point M, draw 
a line parallel to the base, from the point F in which it cuts the 
circle, draw the two chords OF and DF to the extremities of the 
diameter ; a line through the given point parallel to CF will be 
the normal, and one parallel to DF the tangent. 

If it be required to draw a tangent parallel to a given line as 
T'T" ; draw the chord DF parallel to the given line, from F draw 
FM parallel to the base ; the point M is the point of contact, 
through which draw a line parallel to T'T". 

1X6. From equation (3), article (114), we have 

dy ^ V2ry-y'^ /2r_^ ^^j 

dx V ^ y 
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which becomes when y = 2r, and go when y = ; henoe ai 
the extremity of the greatest ordinate, the tangent is parallel to 
the base ; and at the points A, B, <iz;c., where the curve meets the 
base, it is perpendicular. 
If we square both members of equation (1), we have 

-^ = — _ 1. 
dj^ y 

Differentiating both members of this, we have 

2dyd^y _ 2rdy ^V _^ ^ 



ds? y* d^ 5^ 

This second differentia] coefficient being negative for all values 
of y^ the curve is concave towards the axis of X, Art. (83). 

117. Substituting the values of dy and d^y in the expression 

R = _ (rf^ + df)^ 
dxd^y 

I 

we obtain 

R = \ ^ / = 2V^y* = 2-/2ry ; 
rdsti^ 

IT 

or since V^ry is the expression for the normal, Art. (115), the 
Radius of Curvature is equal to twice the normal at the point of 
osculation. 

If y=0, R = 0; andif y = 2r, R = 4r; 

hence the radius of curvature at A, (see figure in next article) 
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la equal to 0; and at D is 4r; therefore, Art. (109), the arc 
AA' = 4r. 



118. To obtain the equation of the evolute let us substitute the 
values of dy and dPy in equations (1) and (2) of article (110). 

After reduction, we find 



y — /8 = 2y, «— a=— 2V2ry — ^; 



whence 



y= -^, 



a: =a— 2^/ — 2r/3 ^ ^, 



These values, in the equation of the involute. Art. (114), give 



a = ver-sin-' - /3 + V — 2ri3 — ^* (1), 

for the required equation. 

If we produce DC to A' making CA' = DC, and then transfer 
the origin to A', the new axes being 
A'X' and A'D, and the new co-ordi- 
nates a' and /3', we shall have for 
any point, as M', 

AG = a, GM' = - /3, 

A'F = a', P'M' = p'. 

Since AC = ^, and CG = AT', 




a = flrr — a 



/ . 



and since GP' = 2r, 

GM' = 2r - jS', or - /3 = 2r - /8'. 
Rubstituting these values in (1), we have 
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rr - a' = ver-8in-'(:2r - /3') + V2r/3' - /3'« 
whence 

a' = *r - ver-8in-»(2r - jS') - V2ri8' - )8'" ; 

But *r — ver-«n"'{2r — /8') = ver-8iii""'i3' ; hence the last 
equation becomes 

a' = ver-sin-*iQ' - V2rjS' - ^^ 

which is the equation of the evolute referred to the new axes, and 
is of the same form and contains the same constants as the equa- 
tion of the involute, therefore the two curves are equal. 

Since arc AA' = 4r, its equal AD = 4r, and ADB = 4.2r; 
that is, equal to four times the diameter of the generating circle* 



THE SPIRALS. 

119. If a right line be revolved uniformly, in the same plane, 
about one of its points ; a second })oint of the line continually ap- 
proaching, or receding from the fixed point, in accordance with 
some prescribed law, will generate a curve called a spired. 

The fixed point is called the pole or eye of the spiral. The por- 
tion of the spiral generated while the line makes one revolution, is 

called a spire ; and since there is no limit 
to the number of revolutions, the number 
of spires is infinite, and any straight line 
drawn through the pole of the spiral will 
intersect it in an infinite number of points. 
The system of polar co-ordinates being 
used to determine the different points of a 
spiral, its equation will, in general, be of the 
form 
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in -which u denotes the radius vector, and t the variable angle. 



120. Before discussing the particular spirals, it will be necessary 
to determine general expressions for the subtangent, &c^ and the 
differentiald of the arc and area, in terms of polar co-ordinates. 

Tlie subtangent, in such case, is the part of the perpendiculxur to 
the radius vector of the point of contact, intercepted between the 
pole and the point where the tangent meets this perpendicular. 
ITius, if A be the pole, and MT the tangent, AT perpendicular to 
AM is the subtangent. To find the ex- 
pression for it ; let the arc t receive the 
increment PP', (AP being = 1) ; de- 
scribe MC with the radius AM = u ; 
draw the chords MC and MM', and the 
line AT' parallel to MC, and produce 
^IM' to T'. From the similar triangles 
MM'C and M'AT', we have 




M'C : MC : : MA : T'A ; 



~ M'C ^ ^* 



Also from the similar sectors APP' and AMC, 
1 : PP' : : AM : arcMC; arcMC = AM X PP'. 

Now 'suppose the increment PP' = dt, then M'C = du, 
Art (91), M' becomes consecutive with M, the secant M'T' 
coincides with the tangent MT, T'A = AT, AM' = AM = ti 
and chord MC = arc MC =: tuit. 

Making these substitutions in (1), we have 



AT = subtangent = 



Mt 
du 



.(2). 



From this we deduce 

AT AT vdt . ,u_ 

— = = — = tane AMT. 
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nates, but it is better to avail .ourselves of the more simple process 
indicated in the general remark, Art (91). 



121. An equation, from which the particular equations of most 
of the spirals may be deduced bj assigning particular values to a 
andn, is 

tt = a/" 

If n be positive, < = will give ii = 0, 

and the spirals represented by the equation have their origin at 
the pole. 

If n be negative, < = will give u = oo , 

and the spirals have their origin at an infinite distance, contin- 
ually approach the pole, and u becomes equal to only when 

I = 00. 



122. Let n = 1, then u =i aS^ 

and if u* and f', u" and V'^ represent the co-ordinates of any 
two points of the spiral, we shall have 

tt' = atf^ tt" = ad' ; 

whence 

or the law in accordance with which the generating point must 
move is, that the radius vectors shall be prcpartional to the corres- 
ponding angles. 

The curve thus generated is the Spiral of Archimedes, 
22 
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that is, equal to m times the eircumferenee described with the radiue 
vector of the point of context. 

For the sabnonnal we find 

dt 2* 



123. If n = i* the general equation becomes 

tt = fl<* , or II* = A 

This equation being of the same form as that of the parabola, 
the enrve given bj it is called the Pctrabolic Spiral, 

It may be constructed by first constructing the parabola whose 
equation is jf* = a'«, and then laying off from P to B, C, 

D, ^c, along the circumference, any assumed 
abscissas, and from A to M, AT, &c, the cor- 
responding ordinates ; the points M, M , A^c, 
will be points of the spiral, nnoe for each we 
have 

y* = a\ or tt* = a\ 

2i^ 
The snbtangent at any point is AT = --^. 

124. If n ^ — 1, 11 = ar becQifies 

tt = a<~* = -, or ut =z Oj 
t 

and the spiral thus ^ven is called the Hyperbolic Spiral, 

. If uf and tf, u" and <", be the co-ordinates of any two points of 
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the apirftL we have u' =— , and u" ^ — ; wbenoe 
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vector is equal to the arc which meaturee the angle made hy therof* 
diue vector and fixed line. 

We may apply these properties to the constniction of the cunre 
by points, thus : With A as 
a centre and radius = a, de- 
scribe a circle ; join any point 
T with A, draw the indefinite 
radius vector AM perpendic- 
ukr to AT. Make AD = 
arc PN ; join D and N, and 
draw TM parallel to DN, M will be a point of the carve ; for by 
the construction 

AD = tang AND = tangAMT=: arcNP. 




125. The spiral represented by the equation 

t = log« 
IB called the Logarithmic Spiral, 



Differentiating, we find 



dt = 



Udu 



whence 



tangAMT = ^' = M; 



ihat is, the ajhgle formed by the ratUue vector and tangent is eon 
stanty and the tangent of this angle is equal to the modulus of the 
system of logarithms used. 

If the Naperian system be chosen, M = 1, and AMT = 45^. 
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Since f is the lo<mithm of u. if it be increased nniformlr. i 
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126. The object of the Integral Calculus is to explain how to 
pass from differentials to the functions from which they maj be 
derived : Or in any particular case, to find an e^^easion which^ 
if it be differentiated, will produce the given differential. 

This expression is called the integral of the differential. The 
symbol / when prefixed to a differential, denotes that its 
integral is required, thus 

fdu = tt, 

and this integral {du being infinitely small) is plainly the same aa 
the sum referred to in article (91). 



12T. We have found, article (16), dAu = Kdu ; there- 
fore 

fkdu =ifdAu = Att = A/du, 

From which we see that a constant factor may be placed with- 
out the sign of integration, without affecting the value of the inte- 
gral; thus, 



Also ia uticle (18), we hsTo 

dlu + t>± Ac) = du + dv±A<i.; 
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henoe 

»l + 1 III + 1 

Therefore, to obtain the integral of a monomial differential : 
Multiply the variable with its primitive exponent increased by 
tmity, by the constant factory if there is one, and divide the result by 
the new exponent. 



Examples. 

1. It du:=z xdxy fdu =fxdx = ~ + C. 

2. H du=z—, /(ftt = L/«»(ir = ?5l + C. 



■" ■*='-'^ .=^=*? + o. 



^ T# J X *dx ^. nx * , .y 
4. If ott = , tt = 4- 0. 

e c(n— m) 



^ ▼• J tf*'* . 8i? ^dx i^x*dx 

5. If cftt = -— + 



' — 7^ « I > 



u=f --^ +f =-— — / — — ^rt. (1^7). 

The application of the above rule does not give the proper in- 
tegral when m = — 1, as in this case ire have 

23 



/< 
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Substituting in the given expression, and integrating, we have 

fdu — /•£?!!?!— ^fiTdx^ — ^^ 
hn hn Im fli+ 1 

and replacing the value of z, we have, finally, 

« = f:(?_±ifr!L + c ; 

{»i + X)nh 

that is, to integrate a binomial differential when the exponent of 
the variable without the parenthesis is one less than that within : 
Multiply the binomial with its primitive exporient increased by urU" 
ty^ by the constant factor^ if there is one, then divide this result by 
the product of the new exponent, the coefficient and the exponent of 
the variable within the parenthesis. 



Examples. 

1. If du=z(a + h^^exdx, u = <'^+^'^ ^ c. 

2. If da = (2 — 8a^"^3j^(fa, k = — -(2 - 8«»)*+ 0. 
8. If dtt = (a - &c*)"^«"*dar, « = i^JZ-^!L + C 



4. Let 



m f •» 

du = a{b — ez' • )"" 7 «*" • "' dz» 



n. Let ^y ~7^""»t^ /^ »^ (^ ? V ,>♦ v^L^ I , crC . y'.-'^ 



dtf = 



1 
^dx 



idtzs^ 



I 



/■/ ■ 






/ 



/ 



> / 



/ « 
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iU mtBffrcU will be the product of the constant and the Naperian 
lofforithm of the deiwminator. 



180. If we have an expression of the form 

du = {a -^ hx + cs^ -i- ko^'^ardx^ 

in wluch m is a positive whole number ; the integral may be 
found by raising the quantity within the parenthesis to the mth 
power, multipljdng each term by ^dx^ and then integrating it as 
in article (128). 



Examples, 
1. Let dtt = (a + aj^Vdar, or du = (a« + 2asf + x*)^dx ; 



then 



aV . 2aa* . «■ 



« szfiaVdx + 2aafdx +«'dr) = Z-1- + ^:n 4. H 4. 0. 



2. Let 



rfii = (ft - a«)»a:*dr. 



8. Let 



d« = (ft - cx^yx'^dx. 



181. Every expression of the form 

du = Aar(a + ftar)*djr, 



can be integrated, when either m orn is a positive whole numoer. 

If n be positive and entire, we may integrate as in the preceding 
article. 



' . ' -f /y 



A 



I 



■'■ y'-f.x 



■■•'y J 



f ' 



I 

y / 



/ 



/ 



( ( 



' '^.T. y c c , " 
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du = 2ar(l — 3a?)"^dc; whence » = — |/(1 — ^jx^dzj 

and finally, 

« = - 1(1 - 8«)* + ±(1 - 8x)* + C. 

8. Let rftt = — -^. 4. Let rfw=, ^ i. 

1 - « (3 — 2y)'- 

If ^^(A^ + B^+C^ + AQj 

(a* + J)» 

we may place it under the fonn 

(ax + by ^(ax+by^ ' 

and may then integrate each fraction as above, if m,p, q, Ac, are 
entire and positive. 



132. To complete each integral as determined by the preced- 
ing rules, we have added a constant quantity 0. If in the par- 
ticular case under consideration, we happen to know what the in- 
tegral must be for a particular value of the variable, this constant 
can be determined. Thus, if 

fXdx = X' + C (1), 

X' representing the function of x obtained at once by the applica- 
tion of the rules for integration ; and we know the integral must 
reduce to N when a; = a, we have 

N = X',.. + C, C = N - X',... 

In general, however, this constant is entirely arbitrary, since 
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whatever value be assigned to it, it will disappear hj differenti- 
ation, Art. (14). This arbitrary nature of the constant enables us 
to cause the integral to fulfil any reasonable condidon. Thus if in 
equation (1), it be required that the integral reduce to the par- 
ticular expression M, when x = a ; we may determine the value 
which must be assigned to C, by writing M (or fXdXj and substi> 
tuting a for x in the function X'. Calling the result of this substi- 
tution A, the equation reduces to 

M = A -<- C ; whence C = M — A, 
and 

fXdx = X' 4- M - A (2), 

which will fulfil the required condition. 
If M = 0, C = - A and fXdx = X' - A. 

The integral fXdx = X' + before any particular 

value has been assigned to C, is called a complete^ or indefinite 
integral. 

After a particular value has been assigned to C, as in equation 
(2), it is called a particular integral ; and if in this particular in- 
tegral, a particular value be given to x, the result is called a defi- 
nite integral. We should thus have, when a: = ft, 

fXdx = B 4- M — A (3), 

B representing X',„4 . 

That value of the variable which causes the integral to reduce 
to is called the origin of the integral ; and in every particular 
integral this origin may bo determined by placing the integral 
equal to 0, and deducing the value of the variable from the result- 
ing equation. 

If in (1) we make « = a, and then « s= ft, we have 
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fiJUx).^ = A + C, /{Xdx)„, = B + C, 

whence by sabtraction, 

J (Xdt),.» - /(Xrfx),.. = B - A. 

This is ih$ integral taken between the limits a and b, and is usn- 
allj written 



/. 



XcZa; = B — A, 

the limit corresponding to the subtractire integral being placed 
below. 

If 0, 5, c i:, Z^ be several increasing values of c, and we 

have ^ /■ - lI 

r xdx = A', rxdx= B' r x«fe = K' ; y '^>' - y -t ^ 

then evidently J 

f Xdx = A' + B' + C + K'. y y 



Example. ' .. / 



\ ^, * 






M a complete or indefinite integral. 

If it be required that this reduce to 4, when £ = 1, we hive 

4 = 2 + C, 0=2, y^ rly^ 

and 









' / • ; 






24 


: 2a? + 2, 


the partieukur 


inUgroL- 


Ml 


• 








V 
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dx e= _ ; X =i 8in"*« :* sin"*- + C. 



2. Let (ly= ^^ 



-/2 — *■ 



This may be integrated directly, by placing x = V2^» as in 
the last example, or by a simple comparison with it, by placing 
V2 for a. Thna 

y = 3r_^==3sin-« 'h-C. 
•/ V2 — «■ V2 

2(2ar 



3. Let (^y = 



V9 — 3a?« 

2dx 



Tbia should first be placed under the form dy = 



-V/3-/3 -.ar« 
n. In article (42), we have also 

dx =z ■. ■■ =s-dcos~*«; 

y 1 — !*• 

whence 

X = / ______ r= COS~*tt + C. 

J Vl -u^ 

In the same way as in case I, if 

J du -.1 tt , ^ 

dx =z . X = COS""* - + C. 

If ir = -_?^ 

V4 — ti* 
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wlMDoe 



= r^-^ = tanjT'u + C. 



1. If rf« = ^" 



make tt = azy then du s oib, and 



J t? + 11? aJl + 3? a " a *a 

8 Let dy= ^* 



a+Sa* 



If we multiply and divide the fraction -~ by a\ we have 

'^ "^ a« + ti» "^ ' 



whence 

* = T r:3^. = ^t«"r'« + C .Art (42), 

the radius being a ; and in a similar waj, all the above expreaaions 
may be transformed. 



INTEGRATION OF RATIONAL FRACTIONS. 

134. Every rational fraction which is the differential of a 
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135. L As an example of the first case, let us take tbe 
fraction 

{ax + c)dx 

The two factors of the denominator are ;r + 6, and »^ l\ 
then 

{ax + c)dx {ax + c)dx 

a^ — V "" {x 4- h){x - b)' 

Place ax + c __ A A^ /.v 

A and A' being constants to be determined. For the purpose of 
determining them, clear the equation of its denominators ; then 

ar + c = Ax — A& + A'* + A' J. 

By placing the coefficients of the like powers of x, in the two 
members, equal to each other, we have 

a = A + A' c = A' J — A& 

. ah — c .f ah + c 

26 25 



Substituting these values in (1), multiplying by (2x, and prefix- 
ing the signy, we have 

/{ax + c)dx ^ ah — c r dx db + c /* dx 

= ^tzll{x + h) + ^L+Jil{x - 6) + C. 



Tho method pursued above indic&tea the following rule tor all 
Dinilar expressions. 
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nien 



= K» + 1) + /(« - 1) + & = Z(«» - a?) + C, 

as maj be seen at once, since the niunerator of the given differen- 
tial is the exact differential of the denominator. 

3. Integrate the expression 

(1 - y)dy 



y« - 2y — 2 ' 
Placing the denominator equal to 0, T^e have 

y* - 2y — 2 = ; 
whence y = 1 =b V^y ai^d the corresponding factors are 

y — (1 + -/T), y — (1 — -/l), or y — m and y — n. 
finally, 

/(I — y)iy f7»— 1,^ ^ « — 1„ v.^ 

•T — J^ \ = /(y — m) • /(y - n) + C. 
y«— .2y— 2 n — m^ ' n — « ^ ' 



4. Integrate 



(2x + S)dx 



5. Integrate 



(j^ - l)(ir 



26 
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a = B{« — c) + B'(a? — b){x - c) + A{x - &)■; 

whence 

B'+A=0, B— B'c-B'J— 2A6 = 0, B'ic — Bc+Ai"=ii, 

three equations with three unknown quantities, which can then be 
determined. 

And in general if there be n equal factors, we should write n 
partial fractions of the form 

B B^ F*-'^' 

{x — by {x- by-^ a: - 6 ' 

the numerators of which are constants, and the denominators the 
different powers of the equal factor from the nth down to the first 
power. After B, B', <&c. are determined, each partial fraction, be- 
ing first multiplied by the differential of the variable, will be inte- 
grated as in article (129). 



Es:amples. 



Place 



2 + x B ^ B' , A 



{x - iy{x - 2) "■ {« - 1)« ^ 0? - 1 ^ « - 2 ' 

Clearing of denominators, and equating the coefficients of the 
Like powers of x^ we have 

= B' + A, 1 = B - 3B' - 2A, 2 == - 2B + 2B' + A, 

B=-8, B' = -4, A = 4; 

and finally 
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whence, bj comparison, a = 1, V = 4^ & = 2. 

Now, in the third case, for each pair of imaginarj factors, let a 
ial fraction be written, of the form 

M» + N Ux + V 



By clearing of denominators, d^c, as in the preceding articles, 
M and N maj be determined. We shall have then to integrate 
the expression 

(Ma? + y)<ia? 
{x-ay + V^ 

For this purpose, make « — a = «, then x = x + a^ 
Substituting these, the original expression becomes 



(M«+Ma+N) .. 

•a -l_ M ' 



Z« + 5 



or bj making Ma + N = P, and dividing the expression into 
two parts, 

litdz Vdx 



S + 



x« + 6« ^ «• + 6« 

Tbe first part may be integrated as in case IE., Art (129). 
Thus, 

Tlie integral of the second part is 
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A = - L, M = 1, N = 1. 
2 2 2 

Substituting these values of M, N, a and 6, in formula (2), ob- 
serving that / =/ =c — — Ix. and redu- 

cing, we have 



/: 



a;3 + a^ + 2a? 2 ^2 



+ 



_4.tanrY^V«- 

2>^7 \iV7y 



138. IV. In the fourth case, where there are several imagina- 
ry factors, alike two and two ; those of each pair multiplied to- 
gether will give the same factor of the second degree, and if 
there be p such pairs, the denominator will contain a factor of the 
form 

(«• - 2flj? + a» + l^y. 

For this, we write p partial fractions ; thus 

[(« - af + h^Y [(a?-fl)*4-6'F* (« - ay + h* * 

Clearing of denominators <l:c the values of M, N, M', N', <fec. 
may be determined as before, and since the several partial frac- 
tions, after multiplying by c2x, are all of the same form, we have 
only to explain the mode of integrating any one of them except 
the last, which is to be integrated as in the preceding article. 
Take the first 

(Ma; + y^g 
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' . - \ » V,. - ■ 

INTEGRATION BY PARTS. 

140. In article (19), we have found 

duv = udv + vdu ; whence uv ^=fttdv +fvdUy 
and 

fudv = uv --fvdu (1) ; 

from which we see, that the integral of udv can be obtained, 
whenever we are able to integrate vdu. This method of integra- 
ting udv is called, Integration hy parts. 

Examples. 

1, Integrate the expression a^dxya — a?. 
This may be divided into the two factors, 



«" and xdxVo' — «*. 

Place 3^ = u and xdxy/a — ^ = dv ; 

then 

. ia — a:*)* 

du = 2ir<fr, t? ^fxdxV a — x'* = r — —' 

Substituting these in formula (1), we have 

fudv^^ 3 ■+ y ^^ 2xdx; 
26 
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ifdx Vl-i^ = xVl - «• + /"wf^" 






4, Integnite 



(a«-a?i)i' 



INTEGRATION OP CERTAIN IRRATIONAL DIFFERENTIALS. 

• • / ^ • 

141* In the preceding articles, rules hare been given, 5y uihiich 
every rational differential may he integmted, except the case re- 
ferred to m article (139). It may then be taken for granted, that, 
in general, every irrational differential which can he made rational 
in ierme of a new variable^ can aUo he integrated. Let 



h 
ax^dx 



hx* + ext 



be a differential, the irrational parts of which are monomials. 
Make 



« = a*^ ; then «* = «*^, 

jf = «^, a?« = a**, (to = feifT*'^* (fa. 

These yalnes substituted in the given expression, evidently make 
it rational in terms of z and dg. It may then be integrated, after 
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which the value of i in terms of x must be subetiluted* We maj 
then enunciate the following rule for the integration of expressions 
of this kind. For the variable^ substitute a new one, with an expo- 
nent equal to the least common multiple of the indices of the radicals ; 
then integrate by the known rules, and substitute in the result Hu 
value of the new variable in terms of the primitive. 

Examples. 



l.Let d«=i?!Ll^x (1). 

5x« 



The least common multiple of the denominators or indices being 
6, we place 

« = «•, then dx = et'cfr, z = «• . 

Substituting in (1), we have 

hz 6 5 

and integrating, 

12 . 18 , 3 4 2 { . ^ 
V = — r z' = — a:' a:' 4- C. 

40 45 10 6 



2. Let dtt = -i?t . 3. Let rfu= ""^ 



2x* — x» ft — c ^fx 



* 

142. If the irrational parts are all of the form (a + 6x)» 
the expression may be made rational in terms of x, by placing 
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a + hx = 2', 

r being the least common multiple of the indices of the radicals. 
We shall thus have 

b b ' 

which substituted in the primitive expression, with the value of 
a + bx^ will evidently give a rational result. Take the examples ; 

1. du= ^ 



(1 + x)i + (1 + x)i 

Place !+« = «*; then dx == 2«f«, « = (1 + x)^. 
These values substituted in (1), give 

2xdz 2dt 



du = i^ , 

«" + « 1+ «• 



whence 



tt = 2 f ^* = 2 tang-*z = 2 tang-» (1 + «)* + C. 



2. Integrate the expression 

xdx 



du = 



(1 - x)^ + (1 - 0?)* 



.' ' / ^ 



143. Differentials of the form 



X(f:r 



(a + ^\" 
aT+Vxj 



X being a rational function of ar, may be made ratioiutl by 
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pladog ^^"7 ,f = >*, dedudng the valueB of x and ic, and 

a' +b*x 

subatitutuig them. 
For example, let 

Theee yalueB in(l), giro 



^^ - («* - i)<»*^fe 



which is rational. 

/ / - . , 4 . t f 

144. Every radical of the form V<t + &r db cs* can be 
written thus, 



vrvf 



e c 



after making — = a, and— = ^. 
c c 



+ -«=*:«•= v^V« + i8«±«', 



To render rational a differential, the onlj irrational part of 
which 18 a radical of the above form, it will then only be neoeaaa- 
ry to find rational values for «, dr, and •/« + j^* =t a*, in terms 
of a new variable and its differential. 



L Take the case in which the sign of 4^ is +i and place 
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Va + i^ar + «* = % - » (1). 

Squaring both members, we have 

whence 

^ — d 



67 differentiating this value of x^ we obtiun 

2 (»' + ff« + «)& 
*^- (18 + 2z)« •<*>' 



and bj substituting the value of x in the second member of (1), 

V« + «* + ^ = -t-f at- (*)• 

These values of a?, de, and •/« + i^a? + «", substituted in the 
primitive differential, will evidently ^ve a rational expression in 
% and dz. After integrating this, the value of 2, taken from (1), 
must be substituted. 



Examples, 

dx dx 

Va + hx + cx^ Vc V^a + fix + ^ 



1. Let du=i 



Substituting for dx and V a + j8a: + a? their ralues as found 
above, and reducing, we have 
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3. Let du= ^^V^M lg. 

Comparing this with formulas (2), (3), and (4), we see that 
= 0, 2=|S, x= ^ ; 

^>_ H2^ + 2x)dz /5— TTi-^Jlii- 

''' - (2 + 2zy ' V^^+^ = -2+^' 



whence 



cft£ 



_ (g + 2ydz 



4. Let du = dx ^/ni^ + x'. 



5. Let dti z= 



Var*- 



ox 



145. n. If the sign of rr* be minus, it will be necessary to 
pursue a different method, and deduce other formulas ; for if wo 
write 

Vol + ^x — a^ = t — a*, 

the second powers of x in the squares of the two members will 
have contrary signs, and not cancel each other, as in the first 
case, and therefore the deduced value of x in terms of z will not 
be rational. 

Denoting the roots of the equation x^ — jSjj — a = 0, by J and 
6'y we have 

x' — ,8x — a = (j; — ^ (ar — 5'), 
27 
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1-f «•' 



dz 



-2/^=-2t«Hr^+C 



and since from equation (1), 



= v/S. 



we bave finaUj 



« 



= f , ^ = - 2 tang-'x/1E* + C. 



If in ibis we make j9 = a = 1, the expression reduces to 



" = /7fe = ^-''*^'v4T 



— a? 

X 



since bj pUicing a^ — 1 = 0, we find 

ir=±l or ^=-1 «' = 1. 

If we now introduce the condition that tbe integral shall be 0, 
when flp = 0, we have 

= C-2tanr«l = 0-|, C = J, 

and 

Hie direct integral of the fint member is sin^'a^ Art (133) ; 
hence 
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2. K after this, the exponent of x should be fractional, either 
within or without the parenthesis, or both, we can substitute for x 
another variable, with an exponent equal to the least common 
multiple of the denominators of the given exponents, and thus get 
rid of the fractions, as in the example 

x^dx{a + bx^)r\ 

by making a; = 2*, we obtain 

x^dx{a + bx^y= 62V2(a + 62^)f , 

in which the exponents of z are whole numbers. Hence every bi- 
nomial differential can be placed under the form 



af^^dx(a + bzr)T' 
m which m and n are whole numbers and n positive. 

147. 1. The binomial diifercntial being placed under the pro- 
posed form ; if -^ is entire and positive, it may be integrated as 

in article (130) ; if -^ is entire and negative, we have 

9 



x'^^dx{a + bx") ^ = 



.x'^^dx 



(a + bx^'f 
which is a rational fraction. 



7 ' 



2. If ^ is a fraction, either positive or negative, place 
9 



IHTEOKAL C 



IHTBGRAL OALCULUB. 215 



3. If — IB not a whole nmnber, we may write 
n 



'dx{a + J«")f = ar-»cte[af (- + h)f • 



and in accordance with the preceding principle this will be ra- 
tional if 



?- =— (^ + -?-j %»a toJiole nuniber, 

— n \n q J 

To obtain the proper rational expression in terms of z, we need 
only make in equation (3), 

np 
m =z m '\ ^ n ^=^ ^ n^ a = 5, 5 = a. 



Thus 



na \ ^ ) 

Example. 
Let 

du =: dKfx(a + *«*) I 



.(4). 
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and making (a + S«") = X, we have 
ftf^'dxXr = f^^^ _ (>» - ft) far^^dxX^ (1). 

(i> + iH (p + 1)»^ • 

But smce 

X^* = X'X = X'(a + Jx") = aX' + 5x-X', 
f^f^^^dxX^ == afar^'dxX^ + hfar-'dxX^ 

Sabstituting this value in (1), and clearing of denominators, 
{P + \)nbf7r-'dxX^ = tuT^X^' 

^{m^n) [afsr-'^'dxX" + hfar-^dxX'] ; 

transposing, <bc, we obtain 

f^'dxX' = «— X^ - a{m - «)/x— d^X' ^^ 

By a single application of this formula we cause 

fx^^^dxX* to depend upon fsf'^'^^^dxX'f 

(m which the exponent of the variable without the parenthesis is 
diminished by the exponent of the variable within. By an appli- 
eatiofn of the same formula to f sf^''^^dxX% it may be paade to 
depend upon f x^^'^^^dxX^ and finally, by repeated applica- 
tions, fs^dxX^ will depend upon the expression 

a{m — m)f9r-^^dxX^, 

m which r represents the number of times m will contain n. If m 
is an exact multiple of n, then m — m = 0, the term containing 

28 



I 
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Place a + 5«* s= X, m = 3, » = 2, P= h 
then from formula J^^ 

Applying formula IB to the expression /<2xX^ after 
m = 1, n = 2, JJ = }, we have 

and by another application 

/dxX^= — . 

Substituting these values, we have finally 



The expression — = — may be integrated as in 

Art (144). 



161. If in the primitive expressions, m andp are negative, the 
effect of the application of formulas il and IB^ would evidently 
be to increase them numerically. Other formulas are then re- 
quired. 

1. From il by transposition and reduction, we find 
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By fonnula Q>} after making 01= 1, n=:2, a = 2, &=--l, 
p = i^ we have 



-i 



•' 2 



Making the proper substitutions in (1), we obtain finaDy 
in which X = 2 — «•. 



153. By the aid of fonntda S> we are now able to integrate the 
expression 

^ - = dz{7* + by Art (138). 

I" 



(«' + ^) 



By making m = 1, x = %^ a = &', i = 1, 11=3 2, we 

/dz 
J- — -— to depend upon the integration of ano- 



ther expression in which the exponent is one less, and by repeated 
applications, we shall find that the integral will depend upon t>* 
expression 



/?fp = i-^ T + °- 



154. For the expression 



V2cx — «■ 
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we maj write 

/tl>dx{2cx - **)"* =/x^dx{2e - *)"*, 
to which applying formula A, after making 
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1. Let US take the example 

du = ^ = dx{l + x)-^. 

By the binomial formula, we have 

(1 + x)-» = 1 - a? + «' — a:* + *c. 

Multiplying by dx, and prefixing the signy, 

f^JfL. =f{da --xdx + a^dx - a»dr + &c) ; 
^ 1 + a? 



whence 



1 + a? 2^8 4 ^ 



or smee 

dx 



/rfi = '<■ + ')■ 



HI + «) = :r - f^ + ^ - ?1 + Ac. +0. 
^ ' 2 3 4 



But when x = the first member becomes ^ (1) = ; hence 
C = and 

1(1 + a:) = «- — + —-— + Ac Art. (88). 



2. Let du = «i(l — a^)idx. 

By the binomial formula we have 
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wUch may be readilj integrated, and we shall obtain 



5. Let du = dx V2(m? — «* ; 



6. Let du = — - - 



Developing Vl— e'V == (1 — e'V)^, we have 

2 2 4 * 



hence 



fdWTE^^ f(l » ie-:^- il.'V-&cY-^\ 
•/ Vl^Tii •'V 2 2 4 AVT=5/ 

After the multiplication, each term of the second member will 
be of the form A / — z==. > which by formula ii^ 

may be made to depend upon 

/ -^— == sin~*a: + C. 
Vl - a:" 



7. Let rftt = 



-/(2cj? — 3e^){h — ar) -\/2c2: — sf V^— « 



If we develope ^ = (6 — «)"*, and multiply 

20 
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(/Xdx),.,+,=y][a? + A) = i*'; 
and by Taylor's formula, 

tt' — tt = — A H h &C. (1). 

Ob ^ da:* 1.2 ^ ' 



But since 



\ 



ox 

^ _ dX ^ ^£^ Ar 

d?""dJ' 5? d?' 



These values substituted in (1) give 



. . Yi . dX A» d«X A' . . 

^ da? 1.2 dx* 1.2.3 ^ 



If in this series we make a? = a, A := 6 ~ a, and denote 
by A, A', A", Ac, what X, —— , —--, Ac be- 

dx djr 

oome under this supposition, it is plain that what u becomes will 
represent the value of the integral when a: = a ; what u' be- 
comes, its value when x=^a + h — a=h] then what ii' — v 
becomes, will be the value of the integral between the limits 
X = a, and x = 6 ; whence 

J*^ Xdx = A(6 - a) + ^(6 - «)• + ^(6 - «,)» + Ac. 

a series from which the approximate value of a definite integral 
may be obtained. If 5 — a is so large, that the series does not 
converge, or does not converge rapidly enough, then let it be divi- 
ded into n equal parts, so that 
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159. Take first the expression 

in which X is an algebraic function of x. If wo divide it into the 
two fiu!tors X and €fdxy and recollect that 



arhdx = d4f. Art (36), 



whence 



<fdx = --— , and f<fdx = -- ; 

la la 



we shall hare from the formula for integration bj parts 
/X«'«?. = ^-/JiX (1). 

If now we take the successive differentials of X, and place 
rfX = X'if:r, dX' = X"ir, dX" = X'"(fc, Ac, 

we obtain 

a'dX XV 



/ a'dX _ XV _ p a' ^, 
la ~ (laf J (laY 



J (lay {lay J {lay • 

These values in equation (1) give 
r^^j */X X' iX-'X /•o'dX-' ,„. 

/xo-ef. = «' (^ - pi (sp ) =^ y (sp ^'>- 

ff the function X is of such a nature that one of its difierential 
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If then n be entire and positive, after repeated applicationB of 
the formula, the exponent of (Ix) will become 0, and the expres- 
sion upon which the integral depends, algebraic. 

For a particular case, let 

X = ^, then /siTdx = J^ = X', 

m + 1 

and this in (1) will give 

f^{h)'dx = -^(Ix)' - .^f^QxY-'dx (2). 

m -f* A 171+1 

If in this we substitute for n, in succession 

n — 1, n — 2, n — 3, Ac, 



we have 



txT^^ n \— 1 n — 1 






TO+1 ffl+1 



.&C. 



These values in (2) will give a general formula, in which, if n 
be positive and entire, the last term will be 

n(n ^ 1) .. jjy^(^)o^ =, ± "^" r !1 -iir - 



We shall therefore have 
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161. Take now the expression ^ 

XcfiP 8in""'a?. 
Place X(2r = (2v, and sin^^o; = tt, then 

fXjdx = V = X' and du = . 

(1 - «•)* 

Sabstituting in the formula of Art. (140), we have 

X'dx 



y Xdx sin"*j? = X' 8in~*x — / . 



Thus the integral of the primitive expression is made to depend 

X'l/u 

upon the integral of the algebraic expression '. . 

(1 - ^)^ 

Let X = «", 

then 

/X(te =/«*(ir = ^' ;= X', 

n + 1 

and we hare 

f^dxsar^x = sm *x — I . 

bj the application of formula H or (9, when n is entire, the 
last term may be reduced, and then integrated; except when 
n= » 1, in which case the expression becomes 



— 8m""*a?, 



dx ^.^_| 

X 

80 
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wbenoe 



/i.Bin-x=y. 



«"i& 



(1 - ^)* 



This expression, by repeated applications of formula ii or 9, 
maj be made to depend npon 

In the expreflsion 

dx tsaif^Xj 

place tang « = 2 

then 



^ = TT7' /■^'-^=/i^. 



which is a rational firaciion. 



Examples. 

Integrate 1. du=s dx tm*x. 2. du=s 

oob'« 



S. <ftt = -;.,— . 4. (ftt = dc tanff'ap. 

sm« ° 



r 

163. In the general expression 
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dcsiii*'cGoa*x, 
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and since <2a^' is a constant, this maj be written, Art (24), 



(g) =A.)^- 



Integrating both members, we have 

^ =ff{x)dx =/'(.) + C. 



After ronltipljing both members of this equation by (b, it mKf 
be written 



''(^) =/'(*)*' + c*«; 



and integrating as before. 



^ =/"(«) + C + C ; 



which bj another transformation and integration, may be reduced 
one degree lower, and finally after n integrations, we shall obtain 

^ ' ^ 1.2. ..(n - 1) 1.2.. .(n - 2) ^ 
The above operation may be indicated thus, 

the symbol / " indicating that n successive integrations are re- 
quired* 
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= hx +C, 



dx" 
and finally as in the last example 

u :=znbdr'=z— + ^ + C'a? + C". 
-^ 6 2 

3 T^t rf-tt=_?^*. 4. Let dSi=V^. 

X 



INTEGRATION OF PARTIAL DIFFERENTIALS. 

165. Hitherto, we have explained the mode of integrating 
only the differentials of functions of a single variable. It yet re- 
mains to extend our rules to the integration of those which con- 
tain more than one variable. 

These differentials are either partial or total^ Art. (49). When 
partial, they belong to one of two classes. 

I. Those obtained from the primitive function by differentiating 
with reference to one variable only. 

II. Those obtained by differentiating first with reference to one 
variable, and then with reference to another, <fec., Art. (46). 



166. The differentials of the first class may be expressed gene- 
rally thus, 

d"tt = /(or, y, z, Ac.) dx^ d'u = /'(«, y, 2, &c)rfy", Ac, 

in which u is a function of x, y, z, &c,, and may evidently be ob- 
tained by successive integrations, precisely as in article (164) ; all 
the variables, except the one with reference to which the differen- 
tiation was made, being regarded as constant, and care being taken 



INTEOllAL 0ALCULU8. 241 

with reference to x, then n times with reference to y, and so on 
until all the required integrations are made. 

To illustrate, let 

<Pu = 9(iir, y)dxdy^ 
which may be written 



** = (P(ar, y)dy, or ^f ^ ) = ^(^» y)^^ ' 



dx 



whence bj integration with reference to y, 

^ =/<p(x, y)dy + X, du = dxf<p{x, y)dy + Xdx, 



and 

tt =fdx/(p{x, y)dy +jfXdx + Y, 
or 

« =/"9(^» y^yf^ +/Xdr + y, 

there being no necessity of indicating, with reference to which va- 
riable the integration is first to be made, Art. (47). 

Esamples. 
1. Let ^u = cufydt^dx. 

This may be written 



= aa^dxj or d( — !f | ^ aafydx. 



tPu 

31 
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iDteffrating with reference U> x, 



IZnUGRAL CALCULUS. 248 

most be the two partial differentials of the function, and by the 
integration of either, we shall obtain the function itself. 

To ascertain, in any given expression of the above form, whether 
¥dx and Qdy are such partial differentials, we have simply to see 
if the condition (1), or 

dP _ dQ 
dy dx 

is fulfilled. K so, the given expression is the differential of a 
function of x and y, and we have 

u ^fVdx + Y (3), 

Y being a function of y, which is to bo determined so as to satisfy 

the condition -~ = Q. 

dy 

To determine this value of Y, let equation (8) be differentiated 

with reference to y. Then 

du _ dfVdx dY . 
dy "^ dy dy ^ 

or reprosenting/P^ by », 



dy dy dy 



whence 



f=Q-,^, Y=/(q-^W 



and finally 



= /Prf«+/^Q-|yy. 
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hence 



and 



Y =/(q _ *V =/2Wy = y* + C, 



9 



8. If rfu = y^^, « = tang-f+C. 

a^ + y" y 

4. Let du = (6xy — y^)dx + (3a* — 2jr^)dy. 



160. If a function of two variables, composed of entire terms, is 
homogeneous with reference to them, its differential will abo he 
homogeneous ; and such a relation will exist between the function 
and its partial differential coefficients, as will enable us at once to 
obtain the function, when the differential is given. 

To explain this relation, let 

tt =/(*» y)i 

and m denote the sum of the exponents of x and y in each term. 
For X and y substitute tx and fy respectively, the primitive function 
then becomes CHl 

In this expression, for t put (1 + «) ; then 

r« = (1 + s)'it. 

Under these suppositions, x and y, in the primitive function, 
have become, respectively, x + sx, and y + ^* 
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Developing this now state of the primitive function, » 
(46), ve liave 
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170. The method of obtaining the integral of a differential, 
containing several yariables, is readily deduced from what pre- 
cedes. Let 

du ^Fdx + Qiy + IW« = df{x, y, z) (1). 

If for a moment we regard 2 as a constant, and then in sucoes- 
sion y and x, it » plain that we shall have the three expressions 

Pdr + Q/iy, Tdx + Bdx, Qjiy + IW2 (2), 

which, taken separately, are differentials of functions of two va- 
riables, if the primitive expression is a differential of a function 
of three, and the reverse. 

But the conditions that these be each an exact differential, are 



(3) ; 



dy dx dz dx dz dy 

hence if we have given an expression of the form 

Tdx + Qdy + B,dz, 

and the conditions (3) are fulfilled, it will be the differential of a 
function of three variables, and we can obtain the function by 
integrating either of the expressions (2), as in Art. (168), taking 
care to add to the integral a function of that variable which is re- 
garded as constant. Thus, denoting the integral of 
Tdx + Qdy by v, we have 

f(Pdx + Qdy + Bdz) = v + Z (4), 

Z being independent of x and y, and a function of z alone. 

If now we differentiate equation (4) with reference to 2, we 
find 
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dy J dy 
ot since {d?)dx = d{Pdx\ 

dfVdx _ rd{Fdx) 



dy 



J dy 



By which we see that tpe may differentiate^ with reference to 
another variable^ the indicated integral of a partial differential^ by 
simply diffei'entiating the quantity under the sign. 



INTEGRATION OF DIFFERENTIAL EQUATIONS. 

172. These equations when of the first order, and when de- 
rived from equations containing but two variables, will appear as 
particular cases of the general form 

Vdx + QJy = 0, 

and may of course be integrated as in article (168), when 

dy dx ' 
and give 

« , 

fFdx + Y = C. 

In practice, however, it will in general be found, that in con- 
sequence of the disappearance of a factor, common to both terms 
of the differential equation, or when the differential equation has 
been obtained by the elimination of a constant from the prim- 
itive and its immediate differential equation, Art. (56), this condi- 
tion is not fulfilled ; hence other means of obtaining the integral 

must be sought for. 

32 



^ 



In the first place, it ia erideat that, if hj aaj transfonDalioi 
the equation can be placed under the form 

Xdx + Ydy = 0, 
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Examples, 

1. Lei ydx — xdy ss 0. 

Dividing by yx^ we have 

a? y ' ' 

or making G = /C, we bave 

y y ' 

2. Let a^cfa; + dy =zQ. 
Dividing by y*, 

»dx + -^ = 0; 

r 

integrating, and reducing 

«*y - 2 = 2Cy. 

3. Let (1 — xfydx - (1 + y^dy = 0; 
whence 



^*-if'*=". 



and 



2&+«— ty — y = C. 



4. Let (1 + 7?!)dy — Vydx = 0. 
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reducing and integratingy 

«?2 - «»rf« = 0, - i — to = 0. 

X 

Putting for x its value, we have finally 

to = - (C + f ). 

2. If *' + y^dy = y<to, to=.i-^\/i + a 

8. Let xdy — ydx = d!r V** + y*. 

195. IV. The equation 

(o + 6« + cy)(f4: + (a' + b'x + c'y)dy s= 0, 

may be bo transformed, that the variables can be separated and the 
integral found. For this purpose let us make 

x^ t + ^ y = tl+J'; 

whence 

dx = dt^ dy =i du. 

These values in the primitive equation, give 
{a + hS + c6' +ht + eu)dl + (a' + 6'6 + c'«' +ft'l +c'u)du =■ 0, 

By placing 

a + bS + c6' =zO, a' + h'S + c'3' = 0, 

we can determine proper values for the arbitrary quantities S and 
6% and our equation reduces to 
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176. v. In the equation 

dy + Vydx = Qefa:. (1) * 

P and Q being functions of x^ the variables may be readily sepa- 
rated by making 

y = «x (2), 

X being a function of x^ for which a proper value in to be deter 
mined. By differentiating equation (2), we have 

dy = zdX -f- X(2z, 

and by substitution in (1), 

%d\ + Ti{d% + Vzdx) = Qcfx (3). 

Suppose X to have such a value that ~ 1^' 

zdH^Qfix (4); 

equation (3) then becomes 

X(cfe + P«k) = 0; 

whence 

z 
or taking the numbers 



* Note.— Equations of this kind being of the first degree with reference 
to y and dy^ are sometimes improperly called Unear egualunu. 
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From equation (4), we hnre 
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178. It has been remarked, article (172), that difTcrcntial equa- 
tions sometimes fail to fulfil the condition of integrability, in con* 
sequence of the disappearance of a common factor. Whenever 
this factor can be discovered, by trial or otherwise, the integral can 
at once be found, as in article (168). 

Let 

'Pdx + Qdy=:0 

be a differential equation, in which the condition is not fulfilled, 
and suppose that 

« =yi*» y) 

is the factor by the disappearance of which the given equation has 
resulted. The immediate differential equation will then be 

Tzdx + Qzdy = 0, 
from which we have the condition 

dPz _</Qg 
dy dx 

or performing the differentiation 

zd? Vdz _zdQl Qjiz 
dy dy dx dx 



or 



('•l-«i)-(f-i.^>=»-<"- 

This equation expresses a relation between 2, a?, and y, bnt itn 
33 
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P = 1 + 2/ Q = 2ay ; 



whence 



i /"^ _ ^^ - i - T 



and 



z = e^^ = e/^-^ = «^ = «, 

X being the common factor, the immediate differential equation 
must be 

xdx + 23^ydy + 2xy^dx = 0, 

which can be integrated as in article (168). 

In a similar way, if % =f'[y\ its value may be determined. 



1?9. Differential equations of the first order, containing the 
higher powers of dy^ may arise, as in the last case of article (56), 
from the elimination of the higher powers of a constant. Such 
equations, after division by daf, may be put under the form 

{%) - - (I)" •"■ = «• «■ 

The determination of the primitive equation will then depend 
upon the solution of equation (1), or upon the division of the first 
member into its factors of the first degree. Tlicre are n such 
factors, and it is plain that each, when placed equal to zero and 
integrated, will give an equation between y and x which may be 
regarded as a primitive equation. 
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d}J 



If, then, the values of -/ be denoted by V, •¥', V", &a, 

. ax 

equation (1) may be written 

(g-')(i-^')(*-"')*^=°' 

which may be satisfied by placing 

g-V=0. ^^-V'=0.&c (2); 

and if the integrals of these equations be denoted by P, P, P% 
hc^ respectively, we shall have 

PPT"<fec = (3), 

for the most general primitive equation, particular cases of whicL 
may be obtained by placing P = 0, P' = 0, or the pro- 
duct of any of these factors taken two and two, or three and 
three, dsc. 

It would appear, since a constant is to be added in the integra- 
tion of each of the equations (2), that (3) ought to contain n ar- 
bitrary constants ; but equation (1) can only be deduced from its 
primitive equation by the elimination of the nth power of a con- 
stant : [Or by raising (^ — V) to the nth power, in which caM 

the primitive equation must be y =fWdx], It is plain then that 
the constants added ought to be equal, or that the same should be 
added in each integration. 

The n differential equations of the first degree which are factors 
of (1) are readily accounted for, by supposing the primitive equa- 
tion to be solved with reference to C, which will have n values, 
each of which differentiated will give one of the equations re- 
ferred to. 



INTEGRAL CALCULUS. 261 

As there will be difficulty in the solution of equation (1), when 
the degree is higher than the second, it will be well to discuss 
some particular cases which admit of integration . bj other 
means. 



180. I. If the proposed equation does not contmn y, and it bo 
easier to solve it with reference to x than with reference to 

--?, which we will denote hjp, we can then obtain 
dx 

*=Ap) (!)• 

But 

dy^pdx, 

and by parts, article (140), 

y^px "fxdp = px —ff{p)dp + C; 

whence, if f{p)dp can be integrated, p may be eliminated by 
the aid of equation (1), and the primitive equation between «, 
y and C, deduced. 

II. If the proposed equation does not contain x^ and may be 
solved with reference to y, we shall have 

V^Ap) (3), 

dy = df{p) or pdx = df{p) ; 



whence 



P J P 
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Combining this with equation (3), and eliminating p^ a primi- 
tive equation will result between x, y and C. 

nL When both variables enter, but y enters only to the fint 
power, wo may take its value in terms oip and x^ differentiate it, 
and thus obtain 

or, since dy sr jxLr, 

(R — p)dx + Sdp s= 0. 

If this can be integrated, the result may be combined with the 
proposed equation, p eliminated, and a primitive equation between 
y and x determined. 

Suppose the deduced value of y to be 

y = px + P .(4), 

in which P = /(/>)• By differentiation, we obtain 

diy=spdx + xdp 4 dpi 

dp 

or 

which may be satisfied by making 

« + ^ = (5), or dp = <6), 

ap 

Equation (6) gives p zsz C\ 
whence by substitution in (4), 
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C being what P beoomeB when p= G. 

Equation (5) expresses a relation between x and p, and if it be 
combined with (4), and/? be eliminated, an equation between x and 
y will result, which wUl contain no arbitrary constant. 

Let there be for a particular example 



ydx — xdy = n'^d^ +4^*? 



whence 



y=zpx+ nVTT^. (7), 

dy^pdx + xdp^ ""P^P , 



whence 



a? ^ ^^ ■ = 0, <ip = or p ss 0. 

This value of/) in (7) gives 

y = Car + nVl + C*. 
From the other factor we have 



P= =fc 



which in (7), gives 
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If tlien for C in equation (1), wo substitute the variable value 
deduced from the equation 

C'rfC = 0, 

that equation will contain no arbitrary constant, and yet will be 
as much a primitive equation, as any one containing the arbitrary 
constant. 

Such results are termed singular solutions, inasmuch as they can 
not possibly be obtained from the conii>letc integral, Art. (132), by 
assigning to the arbitrary constant a particular value ; the latter 
results being called particular integrals* 

The equation C'cfC = can be satisfied, by making 
c?C = or Q' = 0. 

The first gives C = a constant, the particular values of which. 
when substituted in equation (1) give particular integraU. 

The values of C deduced from C = 0, if variable, will then give 
the only singular solutions. 

To illustrate, let us resume the complete integral of equation 
^7), in the preceding article, 



y=Cx + nVl + 0^ (5). 

Differentiating with reference to C, we have 

vhcnce 

34 
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«j- '^„ = (6\. 
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which may be integrated as in article (164). 
188. n. It may contain only -^ y, and constants, flolf- 



ing the equation as 


before, 


we obtain 








= Y. 


Multiplying by 2dy, 








2dy dSf 
dx dx 


= 2Y«fy, 


and integrating, 









^=/2Ydy + C, or |= VSTWT^ 



whence 



Va/Wy + C ^ V2/Yiy+0 



Examples. 
1. If 





a'dV + ydaf 


• = o, 




A _ 


y 


2<iy d^y 


2y<fy 


dx* 


a* 


dx dx 


a* 


iy* _ 


^-4^" 


y* 



<W a* ' ' <2« 
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wheDoe 



Integrating the last two expressions, we hare 



and eliminating p, 

(« - C)» + (y - €')• = fl*, 

as was to be expected, since the proposed equatioii expresses a 
constant radius of curvature. 



185. IV. If the given equation does not oontain y, it may be 
expressed 



.)=», » F(*^.j 



H^^'^""' " '>(t.f.-\=0. 



which is of the first order with reference to dp. Its integral will 
g^ve an equation of the form 

APj *) = 0, 

in which, p being replaced by ^, and the result integrated, we 

dx 

shall hsfe 

/'(y, ») = 0, 

with two arbitrai7 constants. 
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and this may be treated as in case II. Art. (180). 



187. VI. If the equation be of the form, * 

^+^g +"■»=-' •(»• 

Make y = e^^ (2); 

r 

then 

dx ' dx* y ^ dxj 

These values in (1) give, (since the common factor «-''•'• dis- 
appears,) 

^ + tt« + Xtt + X' = 0, 
ax 

which is of the first order with reference to du. After integration, 
the value of u being determined and substituted in (2), will give 
the required primitive equation, 



INTEGRATION OF DIFFERENTIAL EQUATIONS OF HIGHER 

ORDERS THAN THE SECOND. 

188. Of these, it will also be sufficient for our purpose to discuss 
a few of the most simple cases. 
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and equation (1) will become 









which maj be integrated as in article (l 83), and the value of 
u = /(ar) determined ; we shall then have 

^=/(x) and y=f'^f{x)d^\ 



100. ILL Suppose the equation to be of the form 

(Py + Aj^ydx + Bdyda^ + Dyds^ = (1). 

■ 

Make 

y = «" (2), 

« 

tt being an arbitrary function of x ; then 

dy = e^du d^y = c"(d'u + du*) 

d^y = e"(d'u + Sdud'u + du'). 

These values in (1) give 

d^u + 3dud*u + du" + A{d:^u -f- du^dx 
4- Mttda;* + Ddar* = (3). 

Since u in equation (2) is arbitrary, let such a value be assigned 
to it) that its differential shall be constant, in which case 

du = mdxj d^u = 0, d*u = 0. 

Equation (3), under this supposition, reduces to 

n? + Am* + Bm + D = (4). 
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From this equation we may determine the value of the constant 
m. Denoting the three roots by 

we have for du the three values 

du = mdx^ du = m'dx, du = m'dx ; 

whence 

tt = mx + C, u — m'x + C, u= m"x + Q", 



and 



y = e*"^, y = c""*^, y = c'^'*<^; 



or calling 

ec = c, e^' == C, c^" = C", 



at"x 



But since these values of y each contain but one arbitrary con- 
stant, thcj must be particular cases of the general value of y, 
which must be of such a form that cither of the above particular 
values can be deduced from it ; that is, 

y = Ce- + C'er" + C'e"*"', 

from which the first particular value is deduced by making C and 
C" = ; and in a similar way, the others. 

If two of the roots m, m', m", are equal, that is, if w = m\ we 
should have the equation 

y = (C + 0')^- + C"c-"' = Ce"^ + Cc"'", 

containing but two arbitrary constants, C + C' being denoted 
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by C. It is not then general. But in this case, y = (V be- 
ing a particular value, 

y = C'ofe"' (5) 

will be another ; for, differentiating it, we have 

dy = C'e*"(l + mx)dxy 

d'y = C'c"'(27» + m»x)efa:*, 

d^ = C'c"'(3m« + w»x)cW, 

and these substituted in equation (1), give 

(f»* + Am" + Bm + D)x + (3m' + 2Am -f B) = (6). 

But the coefficient of x is the same as the first member of equa- 
tion (4), which has two roots equal to m ; and 3m* + 2Am + B 
is its first derived polynomial, which, when placed equal to 0, must 
have one root equal to m (see Algebra) ; hence both terms of (6) 
are 0, and y = C'x^ satisfies the given differential equation, and 
must therefore be a particular value of the general one, 

y ^ Cc"* + Care"" + C"e-"'. 

If m = m' = m"f it may be shown also bj trial, as above, 
that 

y = Ca^'e"' 

b a particular value ; whence the general value must be 

y = e""(G + C'x + C'V). 

Two of the roots may be imaginary, but as the discussion in 
this case is quite complicated, and of little value to the student, we 
omit it 
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To illustrate the above, let 

(Ty + 2(Pydx — dydj? — 2yd:^ = 0. 

Comparing this with equation (1), we have 

A = 2, B=-l, D=-2; 

and equation (4) bocomes 

trf + 2m* — m — 2 = ; 

whence 

m = — 2, 1, and ^ 1, 

and the general value of y is 

y = Cc-** + CV + C"«"^. 



101. It is plain that the preceding principles can readily be ex- 
tended to the general equation 

i-y + Ad'^^ydx + Bd'*^^ydx^ + Myiaf = 0, 

and that the general value of y will be 

y = Cc"* + C'c"' + C"e""'« + Ac. 



192. K the equation be 

(Py + Xd'ydx + X'dyd^i* + li"yd^ = (1), 

in which X, &c. are functions oft^ the difficulty of int^rfttioll k 
much increased. If^ however, we know three particular valuei of 



INTEGRAL CALCULUS. 297 

JV ^y'j ^y» C'y, each of which will satisfy the given 
aquation, then the general value of y will equal their suoii that if 

y = c/ + cy + cy" (2). 

To verify this, let equation (2) he differentiated three times and 
Qid proper values suhstituted in (1), we shall thus obtain 

+ C'((£y' + XiPi/'dx -}- 'Si'iy"(Lc' + X'yir') ^ = 0, 
+ C"(<2y" + XdTy'^'dx + X'Jy^'dx" + X"y'"d3^) ^ 

which is satisfied, since each of the three terms is by hypothesis 
equal to 0. 



193. The above demonstration can be generalized, and a similar 
result obtained for the equation 

d^y + Xd'^'ydx + yX<"-^J'dx- = 0. 

This, and the equations discussed in the three preceding arti- 
cles, belong to the class termed llTiear. See note to article (179)« 



INTEGRATION OP PARTIAL DIFFERENTIAL EaUATIONS 

OF THE FIRST ORDER. 

104. A partial differential equation of the first order, derived 
from an equation between the three variables z, y and z, z being 
regarded as a function of x and y^ contains in its most general 
form, the three variables, the two partial differential coefficients, 
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dt dx 

y and ~, and constants. Without attempting to discnaB th« 

most general, wo will confine ourselves to a few of the moat nmpla 
cases. 



L If the equation contains but one partial differential ooeflMcat, 
and the two independent variables, that is, if 

dz p 

P being a function of x and y ; we integrate at once as in artklo 
(166). For example, if 



105. II. Let the equation be 



^ = R, 
dx 



K being a function of the three variables. Since the partial di 
ferential coefficient has been obtained under the supposition thai 
y is constant, the proposed equation may be regarded as a differ- 
ential equation between z and x^ and may be integrated as in 
article (172), taking care to add an arbitrary function of jr. 



Examples. 



l.Let &^v7^^^ 

dx % 
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By the separation of the variables, we hare 

zdz 



Xdx z=i 



Vy" - «■' 



and bj integration 



I = _ V/^^ + 9 (if) 



2. Let «&_»> + «• 



dji y* + «* 



106. in. Let the equation be 

(/y dx 

M and N being functions of x and y. 

dz 
Solving the equation with reference to — , we have 

dy 

dz _ N rf« 
dy ~' li dx' 

But since 2 is a function of x and y, 

J dzj . dzj 

dz 
or by the substitution of the value of ■=— , 

dy 

dx = ^{dx - ^dy) = ^( M^Nrfy") (1). 

dx M ax\ M / 
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If S bo the fiictor which will make lldx ^ Niy iniegnblft, we 
may write 

S(Mdc - Nd^) = du, 
which in (1), gives 

J 1 dzj 
Of = ^uitt, 

SM dr ^ 

1 ilr 

to satisfy wliicb, it is only necessary that = F(ti); whenod 

SM dx 

dz = F(tt)(ftt X = 9(w), 

the form of this function being arbitrary. 

Examples, 

« 

1. If a:_. - y ^ = 0, 

ay aj; 

Mrfr — Ndy = xdx + ydy^ 

which is made intcgrablo by the factor 2, and wo have 

«* + y* = tt, and x = q)(x* + y'), 

which is the general equation of a surface of revolution, 

ft T^ dz , di ^ 

Mdx — Ndy = ydx — ardy, 
which may be Integrated by the aid of the factor — ; whence 
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- = «. and 

y 



= <7)- 



, V. r ^ ^-- • / "•* ^ 

' — r "/ 

,iiectifiqAtion of curves. 



197. The operation by which the length of a curve is deter- 
mined, is called its rectification ; and when a right line can be 
constructed equal in length to a definite portion of it, the curve is 
said to be rectifiahle. 

If X and y are the co-ordinates of any point of a curve r, wo 
have, article (86), 

dz = ^dx^ -f rfy", or z ^f-^ds? -|- dy', 

which is a general expression for the length of an indefinite por- 
tion of any curve. 

In order then to obtain the length of a particular curve ; we 
differentiate its equation^ and hj combining the result with the 
given equation, deduce the value of dy in terms of x and cLr, or 
of dx in terms of y and dy, and substitute in the general expres- 
sion for the differential of an arc. This will then contain hut one 
variable and its differential, and the integral will express the length 
of an indefinite portion of the curve. 

If the length of a definite portion be required, the integral must 
be taken between the limits, designated by the two values of the 
variable belonging to the extremities of this definite portion, Art. 
(132). If the expression thus obtained can bo constructed geo- 
metrically, the curve is rectifiable. 

36 
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108. Let these principles be applied to the rectification of flio 
parabolas g^ven bj the general equation 

This can be written 



1 m 

y=j^jr- =yaf. (1). 



By differentiation, we have 
henoe 

This admits of an integral, in a finite number of algebraic terms 
and may be constructed^ when cither 



2r— 2 



or 



l2r— 2 2^ 



18 equal to a positive whole number, Art (147). 
Denoting these numbers by h and kf^ we have 



-2 \^2r-2 ^) 



2r-2 



whence 



2* + 1 A 

r = — ; and 



2** 

r = 



2k ' 2k' + I 



These values of r in equation (1), give 
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y^jp^x^, and y = i>'a^+» (2). 

Whenever the equation is a particular case of either of these 
forms, the parabola represented by it is rectifiable. 

As the second of equations (2) will become of the same form as 
the first, bj changing x into y and y into 4?, they ^11 represent 
curves of the same kind, and all the cases of rectification may 
therefore be deduced by the discussion of either. 

If in the firsts we make £: = 1, we have 

y = ^jc*, or y* = !>' V, 

3 

which is the equation of a cubic parabola. In this case r s — 

and 

, =/dr(l + lyx)* = « (1 + |y«x)i + 0. 

If we wish the length from that point whose ahsdasa is a, to 
that whose abscissa is ^, we take the integral between the limits a 
and 5. 

Let us, however, estimate the arc from the vertex, or suppose 
the origin of the integral to be a; = 0, Art (132) ; we then have 

=;=_?_ + C, or C=- ® 



27p'« 27p'« ' 

whence, denoting this particular integral by z', 

for the length of any arc whose abscissa is x. 
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which is transcendental and can not be constructed. Hence the 
common parabola is not rectifiable. 

200. For the arc of the circle, we have, Art (86), 

which can <ndy he expressed by a series and therefore admits of no 
construction. 

Differentiating the equation of the ellipse, we deduce 

<ry 



whence 



V ay a J ya«- «• 



which can only be expressed by a series. 



201. The differential equation of the cycloid, Art. (114), is 



dx = 



ydy 



By the substitution of this value of dx^we obtain 

: =^/Vd^ + dy» ^fdyx/ISl = V^/rfy(2r - y) ♦ ; 

V 2ry^ir 
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whenoe, article (129), 

« = — 2\/2r(2r — y)* + C = — 2V2r(2r — y) + a 

If we estimate the arc from the point D, where y = 2r, we 
have 

= + C, or C = 0, 

and 
^-j -J x' = DM = - 2>/2r{2r — y) (1). 

From the figure we see that 

DF = VDC X 1>H = V2r(2r - y), 
hence 

DM = - 2DF, 

or the arc is rectifiable and equal to twice the corretponding chord 
of the gentrating circle. 

If in equation (1) we make y =: 0, and denote the definite in* 
tegral bj s", we h&ve 

If* = DMA = — 4r = — 2DC, 

aainartade (118). 

202. For the rectification of the spirals we take the ezprearion 
in article (120), 



<fc= Vdi^ + ttW. 
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By differentiatiDg the general equation « = ar, ve 
deduce 

whence by substitution, isc, 

z z=far-^dt Vn* + e. 
For the logarithmic spiral, when M = 1, we have 

u 

or, estimating the arc from the pole, where tt 3= 0, we have 

z' = ttv/2, 
or the diagonal of the square upon the radius vector, 

QUADRATURE OF CURVES. 

203. The quadrature of a curve is the operation by which the 
area included within it is determined ; and a curve is guadrahle 
when a square can be constructed equivalent to this area. 

In article (88), we have 

ds = ydx, or 8=fydx (1), 

m which s represents the indefinite area limited by the curve and 
the axis of X. 
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To oblain the value of s for any particular cur\c, tee take the 
value of y in terms of x from the equation of ike curiae, or the 
value of dx in terms of y and dy from its differential equation^ 
and substitute in the formula s :^fydx\ the result obtained 
hi/ integration will be the indefinite area. 



204. The value of y taken from the general equation of para- 
bolas, Art. (198), is 

y=p'^' 0), 

which, in the formula, gives 

-^^ r+ 1 ^ 

If v/e estimate the area from the origin, where x = 0, 
we have 



C = 0; 



whence 



r+1 r+1 ' 

thai is, the area of a portion of a parabola, included between the 
curve, the axis of X, and any assumed ordinate, is equal to the 
rectangle of the ordinate and corresponding abscissa, dinded by 
r + 1. Hence all parabolas are quadrable. 

The same result may be obtained otherwise, thus : The value 
of « from (1) is 
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= JlLj whence dx = i— -p- ^, 



and this, in the formula, gives 



s 






as before. 

For the common parabola, we have r = i ; whence 

s' = , ^^ = — xy. 
i + 1 3 

For the cubic paiabola, ^ = f t whence 



6 ^ 



205. The value of y taken from the equation of the ellipse re- 
ferred to its centre and axes, is 

h , 



lience 



« = -/(a«- ««)*(f«. 



By formula IB9 we have 
37 



fiOO 
But 
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/(ir(a« - «»)-* = f /^ = sin-^i + C; 



whence, finallj, 



2a ^2 a ^ ' 



which can not be constructed. 

Taking the area between the limits x =^ and x = a, 
we have 




for «=0, * = ^6in-«0 +C = C; 



for « = a. 



« = — sm ' 1 + C= hC: 

2 2 2 

iEmd for the difference, or definite integral, 

«" = --r = CDB = ith of the elUpee ; 



hence the entire area is itab. 



K a s=: 5, the ellipse becomes a circle of which a is the 
radius ; whence the area of the circle is 

co" = * (radius)*. 

The same result maj be obtained by taking the value 
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y = Vsrx — ar* ; 



whence 



8 =fdxV^rx — a;*; 



for the area of an indefinite portion of the circle. 



206. In order to find an expression for the area of a portion of 
the hyperbola, it will be best to take its equation when referred to 
the centre and asymptotes, 

xy = m, 

and, since the asymptotes are oblique to each other, we must use 
the formula deduced in article (88), 

ds = sin cj ydXf 

€4 being the angle included by the asymptotes. 



m 



The value y = — being substituted in the formula, gives 



as = smu) ; whence 



« = sin (J mix + G. 



If we call the distance CB = 1, 
and estimate the area from the or- 
dinate AB, for which x = I, we 
have^ 



m = 1 and G = ; 



whence 




t' = sin (tilx) 
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and the second from the point C, they will both be 0, when 
y = ; the arbitrary constant to be added in each case will then 
bo 0, and we have 



ALP'M == CFH, 



and when y = 2r, 



ALD = CFD = —. 

2 



But the area of the rectangle 

ALDC = AC X CD = rr.2r = 2irr' ; 
hence 

arBa AMDC = ALDC - ALD = 1 cr^, 

2 

double of which, or the area included between one branch of the 
cjdoid and its base, is equal to three times the area of the genera- 
ting circle. 

From this we sec also, that the area, included between one 
branch of the cycloid and its base, is equal to three fourths of the 
rectangle described upon the base and axis, and this particular 
area would therefore appear to be quadrable ; but in reality it is 
not so, for the base of this rectangle is the circumference of the 
given circle, to which it is not possible to construct a right line 
equal. In fact, y being the independent variable in the equation 
of the cycloid. Art. (114), it is impossible for any assumed value 
of y, to construct the corresponding abscissa, and thus the position 
of the points C, B, <&:c., can only be determined approximately. 

208. For the logarithmic curve 



^ hcnco 
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By differentiation, we obtain 



whence 



^ y' y 



Estimating the area from tlie lino AY, where y = <x> , we hare 

= A + C, C = 0, 

00 



and 



^=.1. 



y 

» 

By making y = 1 = MP, we have 

«" = 2 = APMD; 

that is, the area APMD is finite and equal to twice the square 
APMC, although the curve does not touch the axis of Y at a finite 
distance. 

If we take the area between the limits y = 1 and y s= 0, we 
have 



area FMPX = i- — 2 = oo . 





210. For the quadrature of spirals, we take 



d, = !f^ Att (120), or . = f^ (1). 
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The value of u' taken from the general equation of spirals, An. 
(121), is tt' = a'(*". This substituted in formula (1), gives 



=/ 



.Ifln 



e^'dt 



4» + 2 



+ C. 



Estimating the area from the pole, where < = when n ib 
positive, and oo when n is ne^^ative, wo have, in all cases exce]>t 
when n is negative and numerically less than i, C = 0, and 



»' = 



4/* + 2 



For the spiral of Archimedes, n = 1 and a = — : whence 
' 2* 



s' - 



\LW 



If in this we make < = 2<]r, we have 



3 



which is the area 




PMA included within the first spire, or 
that described by one revolution of the 
radius vector. Since PA =1, c re- 
presents the area of the circle PA: 
hence 



area PMA = — of the circle PA. 

3 



If / = 2 (2ir), wo have 



«'' = 



(4ir)^ _ 8 



24^^ 



= r' 
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which is the whole area described by the radius vector during two 
revolutions. But it is plain that, during the second revolution, 
the part PMA will be described a second time ; hence, to obtain 
the area PAM'B, we must subtract that described during the first 
revolution ; we then have 

PAM'B = 1< - lir = lir; 
3 8 3 

and in general it will be seen, that by each revolution of the 
radius vector, the area before described will be increased by the 
area from the pole out to the last spire ; hence, to obtain the area 
from the pole out to the mth spire, from the whole area described 
during m revolutions, take the area described during m — I 
revolutions, or take the integral between the limits 
/ = (m — l)2flr, and t = m2flr, which gives 

(m2ir)^ _ r(>» — 1)2^]' _ m^ ■- (m — 1)» 
24** " 24** "" 3 

The area terminated by the (m + l)th spire is then 

(m + l)»-m' 
3 *' 

and the difference between the two expressions gives the area in- 
cluded between the mth and {m + l)th spires, thus 

(m + lY — 2w» + (m — 1)' „ „ 

3 

If m = 1 in this expression, we have the area included be- 
tween the first and second spire equal to 2* ; hence, in general, 
the area between the mth and {m-\- l)th spires is equal to m times 
that included hetween the first and second, 

38 
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If the area PAC be required, AC being a portion of the 
second spire corresponding to the arc AD = — , we should 

have for the whole area generated when the generating point has 

arrived at C, since < = 2«' -< , 

n' 



...(!lill 



24t* 



from which, subtracting the area PMA, we have 



APC 



24c'' 24-r* r^ ^ n* 8»'* ) 



or if we call AS? (which has been regarded as unity) r, 

APC = 






1 2*' 

If AC' = — circumference = — , then n' = 4, and 

4 4' ' 



4 \^ ^ 4 ^48^ 



For the hyperbolic spiral n = — 1, and the general value 
of ^ becomes 

which is infinite when < = 0. For the integral between the 
limits t = 5 and < =: e, we have 
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*"=?: 



a - 1) 



In the logarithmic spiral) when M = 1, 



u 






or estimating irom the pole where u = and C s= ; we have 



«• 



r* 

that is, equal one-fourth the square deecrihed upon the radius vector 
of the extreme point of the curve. 



AREA OF SURFACES OF REVOLUTION. 

211. In article (89), we have found for the differential of the 

area of a surface of revolution du = 2ffyVd£^ + d^\ whence 
for the indefinite area, we have 

tt =/2iry Vdz? + dt/" (1), 

the axis of X being the axis of revolution, and V^** + di^ the 
differential of the arc of the generating curve. 

The indefinite area of any particular surface will then be ob- 
tained, ly deducing from the equation and differential equation of 
the meridian or generating curve, the values of y and dy in terms 
of X and dx ; or of dx in tenns of y and dy^ and substituting in 
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fwmuUk (1). ThM result of the intej^lion wiU be the area re- 
quired. 



212. Let the line AC, bj ite revolution about AB, generate the 

Bur£Bu:e of a right cone. The origin of co-ordinates 

^^ being at A^ the equation of AC is 



y =5 oar ; whence dy = adx^ 
and 

« ssf2^axdx Va* + 1 = ^a^Va* + 1 + C. 

the area from the vertex, where a = 0, we have 



= 0, and 

Making « = AB = ^ we have the area of the cone whose alti- 
tude is Ay and the radius of the base BC = b, 

II" = ^oAVo* + 1, 



or smoeass •-., 
A 



2w5Vg^TA" ^^^,AO 
2 2 

that is, the circumference of the baee into half the iide, 

218. From the equation of the circle, we have 

_ (r - g)dr 



Hie suHSue of the sphere is then 
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u ==/2«i^Y^rf7+E^!*&=/2*ri;r, 



or 



tt = 2ierx + C. 

Taking the area between the limits « = 0, and x = 2r, 
we have 

tt" = i^T* = four great circles. 



214. From the equation of the ellipse, we have 



ay 



a ' 



whence for the area of the ellipsoid of revolution, 






or placing 



2feh 
c? 



V5r=lJ=C', and _^ = R«, 



tt = Q'fdx^/'B!^ - «". 



But fdxVW^ — «* = area of a circular segment whose ra- 
dius is R', and abscissa a;, Art. (88). Integrating this between 
the limits a? = 0, and « = CB = a, 
and calling the segment CBFG = D, 
we have 



tt" = CD = -- area of Ellipsoid. « a 




B 3) 
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dv = iry'dp, or v ^^fne^dx. 



(1); 



in which y and x represent the co-ordinates of the curve which 
generates the bounding sui-face, the axis of X being the axis of 
revolution. 

For the cubature of any particular solid ; we find j from theequa- 
tion of its meridian curve, the value of y* in terms of x; or from 
the differential equation of the curve, the value of dx in terms of y 
and dy, and substitute in the above formula (1); the result of the 
integration will be an expression for an indefinite portion of the 
solid, 

216. Let the rectangle ABCD revolve about AB and generate 
a right cylinder. The origin of co-ordinate being at A, the equa- 
tion of DC will be, 



y = AD = 5, 



J) 



then 



B 



t; =:fnn^dx =fvb^dx = *5'x + C. 



Taking this between the Hmits x = 0, and x = AB = A, we 
have 

v" = irft'A = tJie base into the altitude. 



217. The equation of the ellipse gives 



a^ 



whence for the ellipsoid of revolution 
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Estiinaling the Eolidlty from the plane through the centre, per- 
pendicular to the transverse axis, we have « = 0, C = 0, and 



;' r= —-(arx 



Making a; = a, we obtain for one half the solid 



a« 



and for the whole 



L^h'a = lflr6« X 2a; 
3 3 

or, equal to iioo-thirds of the circumscrihi'ng cylinder. 

If the same ellipse revolve about its conjugate axis, we hare 



which between the limits y = — 6 and y = 6, gives 



3 3 



The latter solid is called the olilate spheroid^ and the former the 
prolate spheroid^ and we have the proportion 

the prolate : the oblate : : —'xh^a : -ira'6 : : 5 : a. 
^ 3 3 

If m either expression a = J, we have 

^*!ec^ = solidity of a spliere, 
3 
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Let the origin be now taken at A, when 

f = ^, (2ax - «•), 

and the solidity be determined. 

Give also the cubature of a sphere directly, by using the equation 

y« -f ^a = r». 



218. Give also the cubatures of the following solids of revolu- 
tion: 

1. The right cone, v" = base X | of altitude. 

2. llie paraboloid, v" = \ circumscribing cylinder. 

3. The solid generated by a ^ven portion of the common para- 
bola revolving about the tangent at its vertex, 

v" = 1 cylinder with same base and altitude. 

4. The solid, the bounding surface of which is generated by 
the curve whose equation is y' = - • 

5. Tlie solid, the bounding surface of which is generated by 
one branch of the cycloid revolving about its base. 



APPLICATION OF THE CALCULUS TO SURFACES. 

219. Since the equation of every surface expresses the relation 
between the co-ordinates of its points, it must contain three varia- 
bles, and may be generally written 

39 



0/ .''--r r^ 



= F(r,,,0 = (1); 
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suppose % and y to vary, thej can only belong to points in 
the curve (2Me2', the intersection of the plane and surface ; and if 
we suppose y to receive the increment CC = k^ we shall have, 
by Taylor's formula, 

N'Q'=/(x",y + A)=z + |A + g^^ + &c.. 

in which x is regarded as constant and equal to a/'. 

In the same way, if y = y" in the equation of the surface, 
and z and x vary, we shall have the cur\'e cMN, and if x 
receive the increment W = A, 

*^^ /v , ..V . dz ^ , d^z 1} ^ ^ 

If now X and y at the same time receive the increments A and 
k respectively, we have, Art. (46), 

dZ ^^ TW . ^ 

+ 00 + **=- 



or 






by making 



ds dz ^ d^z . 
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When X = x'\ equation (3) gives 

dx dx 

equations which evidently belong only to the section dMd' 
parallel to YZ. 

If y = y, the corresponding equations for the section para]' 
lei to XZ are 



dzz=Z'—dx=pdx, or t-^P (5). 

ax . dx 



dz 
The value of t- , equation (4), is the tangent of the angle 

uy 

which a tangent to the section dUd*, at any point, makes with 

dz 
the axis of Y, or with the plane XY; and -j-, equation (5), the 

dx 

corresponding expression for the section eMN; and since these 

angles are the same as those made by the carves at the point of 

contact, with XY, they give the inchnation or ilcpe of the sorfiioo 

in the direction of these curves. 



221, If it be required to find the slope of the sar£ftce at any 
point, as M, along the section MM' made by the plane MM'PP', 
we take the equation of this plane 

y = our + ff (1) f % indeterminate ; 

a being the tangent of the angle made with the axis of X by 
the trace PP', and equal ^o -j- = -r* 

Now m order that z shall represent only the ordinates of points 
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in the section MM', the relation expressed in equation (1) must 
exbt between the variables x and y, and we must have 

dy = ttdXf 

which in equation (3) of article (219), gives 

dz = (p + ap')dx. 

Hie limit of the ratio I" is evidently the tangent of 

the angle (S) which the tangent, and consequently the curve at 
the point M, makes with PP', or with the plane XY. 

But since 

PF = VfQ* + PQ^ = kVl + a*, 
we have 

M'F - MP «' - r 



PF ^kVT+^'' 

the limit of which is 



x^ = .^^«^ = tangS. 



Vl + a" «^« Vl + a' 

To find the direction in which the section MM' must be made 
in order that the slope at a given point M, along the curve cut out, 
be greater than along any other, it is only necessary to obtain that 
value of a which will render the expression 

P + ay 



Vl + a' 
a maximnm, the values of p and p' being taken at the g;iTen point 
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M. Diffcrenliatin|[r the expression with reference to a, and placing 
the result equal to 0, we have 

u, 

(1 + a«)* 

whence 

JP 

This value of a substituted in equation (1), (jS being first deter- 
mined by the condition that the line PP' shall pass through P), 
will give an equation, which, combined with that of the sur&ce, 
will determine the line of greatest slope, 

222. The co-ordinates of a given point M, being «", y", and z" ; 
the equations of a tangent to the section parallel to XZ at this 
point, will be 

x — i" = m{x — or"), y = y" ; 

and to the section parallel to YZ, 

« — z" = n{y — y"), « = ar" ; 

in which m and n represent what — and — , equations (5) 

ax dy 

and (4) of article (220), become, when ^', y" and tf' are subetitu- 

tod for X, y and %, 

The line, of which the equations arc 

is perpendicular to both of these tangents, and, of course, to their 
plane, which is tangent to the surface. This line is then a nor* 
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mal to the surface at the given point. The equation of a plane 
passing through this point is 

A(x - x") + B (y-y'O + C(z — «") = 0. 

1 o make this plane tangent to the surface, it is necessary to in- 
troduce into its equation the conditions that it be perpendicular to 
the normal, \vhich are 

A=— mC, B=— nC; 

whence 

- m{x - x") - n{y - y") + (r - a;") = 0, 

or substituting for m and n their values, -^ and -r-y^ , and 
reducing 

dz'* drf* 

h^' - *"> .+ ^(y - ^'> - (' - *"> = " <^>- 

The equation and differential equation of the Ellipsoid are 
Mr* + ^Y -f Lr' — P = 0, and M«rf« + Nyiy + Lardx = ; 

^whence 

^ _ _ Lz^ ^ I^' 

cLc" "" M2"' cfy"*" M7'' 

which in equation (1), after reduction, give 

laf'ix — «") + Ny"(y - y") + Mz"(z - «") -= 0, 

or since 



I 
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~ L*"« -. Ny"« — Mz"* = - P, 
Mzz" + Nyy" + Lex" — P = 0, 
for the tangent plane to the ellipsoid at a given point. 

If M = N = L, v/e have, for the tangent plane to the sphere, 

w" + vy" + ^^' - R* = 0. 

The distance from any point of the normal to the point of 
contact is, 

I) = -/(« — *")' + (y - y'J + (2 — «")* 



= {z" — r)^/l -f-w* +«*. 
If « = 0, we have 

D = «'V 1 + »'*" + «*, 

for the distance from the point of the normal in the plane XT, to 
the point of contact 



223. One surface is osculatory to another, when it has with it 
a more intimate contact than any other surface of the same kind ; 
and the conditions which must exist in order that a surface, given 
in kind only, shall be osculatory to a given surface at a given point, 
can be determined by a method similar to that pursued in article 
(97). But from the nature of the case these conditions are more 
numerous and complicated, and their determination more difficult ; 
so much so as to render osculatory surfaces of little use in the 
measure of curvature ; hence another method has been devised 
which will now be explained. 
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Let M be any point of a sur&ce, at which it is proposed to ex 
amine the curvature. Let Uus point 
be taken as the origin of co-ordinates, 
and let the normal at this point be the 
axis of Z, the axes of X and Y having 
any position in the tangent plane 
XMY. The equation of the surface, 
Art (219),wiUbe 



«=y(*,yy 



.(1). 




Through the normal let any plane ZMX', making an angle 9 
with the plane ZX, be passed ; it will cut from the surface a cuire 
MO. For any point of this curve, as O, denoting the abscissa 
MX' by x'y we shaU have 



X =: x' cos 9, 



y = a:' sin 9. 



(2), 



and these Values, substituted in equation (1), will evidently give 
the equation of the curve referred to the two axes MZ and MX'. 
Now by varying the angle 9, all the normal sections at the point M 
may be obtained, and by examining the curvatures of these differ- 
ent sections at the given point, an accurate idea of the curvature 
of the surface may be formed. 

The general expression for the radius of curvature of one of 
these sections. Art (105), may be put under the form 



«i 






.(3). 



dx^ 



Differentiating equations (2), we have 



dx = dx* coa(pf 



dy = dxf An ^. 



•(*); 
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and substituting these values in equation (3), Art (219), 

dz 
dt =: p cos ^dx^ + pf sin ^i*', or — = jt) cos^ +// sin 9 (5). 

d3f 

Differentiating again, recollecting that p and pf are implidl 
functions of vf^ we have, Art. (220), 



(P2 



= cos ,(^,^, 4. i^ + ^-^(^'^ + ^"^7)5 



or since equations (4) give 3— = cos 9 and -i = sin 9, 

dxf dxr 



■y-- = q cos'9 + 29' C0S9 sin^ + ^' sin'^ (6). 

ax' 

//r /7-r 

If these values of — and — j be substituted in expression (3), 

wo shall have the general value for the radius of curvature of anj 
one of the normal sections. But as wc only desire this value for 
the point M, we may first substitute the co-ordinates of this point, 
which are 

x" = 0, y" = 0, 2" = ; 

and since the normal at this point coincides with the axis of Z, we 
must also have. Art. (222) 

g;=0. |1=0. or ^=0. y = 0. 

substituting these values in equations (5) and (6), and the results 
in equation (3), we obtain 



q 008*9 + 2^ cos(p sin9 + q" sin'9 
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in which q, q' and q*^ are what the partial differential coeffidents 
of the second order of the function 2 become, when is substituted 
for X, y and z. 

Dividing by cos' 9 and recollecting that — 5— = 1 + tang^ 9^ 

this value may be put under the form 



eo6'9 



R = ^+^^<t (8). 

q + 2q' tang 9 + q" tang* 9 

We have taken the positive value of R, Art. (106), since, as the 
surface is represented in the figure, the sections are above the axis 

of X' and convex towards it ; — - must therefore be positive, Art 

(83), and the value of R positive, as it should be when laid off 

from M above the plane XY. If the section at the point M lies 

below the plane XY, it must still be convex towards this tangent 

cPz 
plane ; — . will be negative, and R negative, and must therefore 

be laid off from M below XY. 

By assigning all values to 9 from to 860^ in equation (8), we 
shall obtain a value of R for each normal section. Among these 
values there must be one which is greater, and another which is 
less than all the others. The values of 9 which will give these 
principal values of R will be obtained as in Art. (66). 

Differentiating equation (8), we have 

(/R _ 2(/ tang* 9 -f (y — g") tang 9 ^ (f) 
d tang 9 "" (y + 2q* tang 9 -f q" tang* 9)* 

If the denominator be placed equal to 0, we shall obtain values 
of the tang 9, which, when real, will reduce the value of R to in- 
finity. The curvature of the corresponding section will then be 
zero, and the section itself a right line, or the point M a singular 
point, Art (92), cases which do not occur in all snrfaoet. Let lu 
then place the numerator equal to 0, we thus have 
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tang'^ -f- ? ?— tang 9 — 1 = 0. 



•(»)• 



Tliis being eiUier of tlie first or second form of equations of the 
Beoond degree, the roots will always be real and their product 
equal to ~ 1, that is, denoting them by tang 9' and tang 9" 

tang 9' tang 9" + 1 = ; 

hence the normal planes in which the greatest and least radii of 
cnrrature are found, must be perpendicular to each other. Their 
exact position will be determined by solving equation (9). 

The values of tang 9' and tang 9'' being determined and the 

traces of the noimal planes con- 
structed as in the figure ; let us 
take MX" as a new axis of X, 
and MY'' as a new axis of Y, 
and suppose the surface to be re- 
ferred to them with MZ as an 
axis of Z. Then we must have 
for these new axes 

tang 9' = 0, tang 9" = « , tang 9' + tang 9" = w , 

which requires in equation (9) that ^ = 0. Substituting this 
Talae of 9^ in equation (7), we have 




R== 



q cos" 9 + ^" sin' 9 



.(10). 



Sabstitating in this the values of 9, corresponding to the maxi- 
mum and minimum radii as above determined, viz. 9 = and 
9 s= 00% and denoting the values of the principal radii thus deter- 
mined by B' and B", we have 



IHTEORU. CALCm-US. 317 

and finally from eqiutioii (10), 

which expresses the reciprocal of the radius of carratiire of my 
normal section, in tenm of the principal radii and the angle f. 

If K' and R" are both positive, all values of R will be positive, 
and the greatest of the two will be a maximum, and the least a 
minimuin, and all the normal sections at the point M will lie above 
the plane XY. 

If R' and R" are both negative, the sections will lie below XY. 
If one is positive and the other negative, a part of the values of R 
will be positive and a part negative, and a part of Uie sections will 
be above and a part below the plane XY, and this plane will cut 
the surface at the point M, ^ving a point analogous to the point 
of inllexiott. Art. (92). 

If R' = R", all the values of R become equJ to R' or R", 
and tlie curvature of all the sections will be the same ; as at aay 
point of a sphere, or at the vertex of a sur&ce of revolution. 

224. To determine a general expression for the solidi^ of anr 
■olid; denote the solid A&Fc-MZ, included 
by the surface, the co-ordinate planes and 
the parallels ece' and tlbd', by v. Sinoe, by 
the equation of the bounding surface, x 
will always be given in terms of 2 and y, 
tiie solid may be regarded aa a function of 
X and y. Let x be increased by h, y re- 
maning the same, we shall have the solid 
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dx ^ dj!* 1.2 



If y be increaaed by k, and x remain unchanged, we shall hams 
the solid 

cPQV-N'e = r" -c = $^* + ?^ ^ + Ac. 

rfy d/ 1.2 

If now ar and y be increased at the same time by the variables 
h and k respectively, we shall have the solid whose base is 
cP^i'Fc', or 

dv d^v 

Snbtracting the sum of the first two, from the last, we have 

soW IHJP'Q' . MM' == -f^l- Air + — ^^ 

dxdy l.2dx'dy 

If through M and M', planes be passed parallel to XY, two par- 
allelopipedons will be formed, having the common base PQP'Q' 
and the altitudes MP and MT' ; the limit of the ratio of these 
solids will evidently be equal to unity, and since the solid 
PQP'Q'-MN is always less than one and greater than the 
other, the limit of its ratio to either will also be unity, Art. (85). 

The solidity of the first parallelopipedon being hkMF, we have 
the ratio 
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^^ 7L_i_ ^^ ^'^ ,1 d'v ^ ^V h , , 



and passing to the limit 









dxdy ' 



or 



dx 



(i)=- 



Integrating with respect to a?, 



From this 

dv = dyfzdx + Ydy. 

Integrating both members with reference to y, 

V =2 f dyfzdx +fYdy + X, 

or Art (164), 

V =fhdydx + /Ydy + X. 

Since the integral/zcLc H- Y is evidently the area of one of the 
parallel sections as eMe' ; to obtain the whole solidity represented 
in the figure, we must fii-st tal^e the integral between the limits 
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X = and x r=.a^ ^ and then the second integral between the 
limits y = and y = AY. 

To illustrate, let us determine the solidity of the pyramid 
ABD - C ; the equation of the plane BDC, being 

« + 2y + 3« — 2 = 0; 

whence 



2 — 2y — « 



The equation of DC is 
X + 2y = 2, or « = 2 — 2y, 



AD = 1, AC = 2, AB = |, 

3 



V ^pxdxdy ^fdyfdx ^ ^ ^ 

o 

Integrating with respect to x, 




=/^,(^^-^t). . 



or taking the integral between the limits 

« = and x = ce' = 2 — 2y, 

Integrating now with reference to y, between the limits 
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y = 

we obtain for the solidity 



and 



y = AD = 1, 



» = -i = lx-xix- = lABxADxlAC 
18 2 3 3 2 3 



= BAD X - AC. 
o 



projec- 




225. Let BMM' be any curve in space, and B'PP its 
tion on the co-ordinate plane XY. 
Let the plane of the curve MM' 
make an angle j^ with the plane 
XY, and let its intersection with 
that plane be taken for the axis 
of X. Then, if the ordinate MQ 
be denoted by y', the area of the 
curve MM' will be 

8 =fy'dx. Art (203). 

But any ordinate PQ of the projection is plainly equal to 
the corresponding ordinate MQ of the curve multiplied by 
cos MQP = cos P, or 

y = y' cos j3 ; 

hence the area of the projection B'PP', denoted by S, is 

S ssfydx =/y'cos /3 dr = cos ^fy'dx = cos ^ «; 

that is, the projection of any plane area is equal to the area multi- 
plied by the cosine of the angle included between its plane and the 
plane of projection. 
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226. Now, let u denote tho^rea of any curved surface. It will 
be a function of x and y. By a process identical with that of 
Art (224), wo shall find the surface 



MN.rN. = ^^« + 3^^» + *. (•). 



If a tangent plane be drawn at M, and the four planes PN, 

QM', &c, be produced, they will form on the 
tantjont plane the parallelogram MORS* 
Tlio limit of the ratio of this parallelogram 
and the surface WNM'N' will be unity, as 
may be proved by a process similar to that 
pursued in article (SO). 

The area of the ]iarallelogram is equal to 
its projection PQP'Q' divided by cos /3 ; )8 
being the angle which the tangent plane makes with XY. But 
/3 is also the angle which the normal MR' makes ^ith MP or the 
axis of Z ; hence 




cos /3 = 



Vl +OT* + n*' 



/ dz dz\ 

— m and — n representing the tangents ( — -r- and •" ;7- ) of the 

angles which the projections of MR' make with the axis of Z, 
Art. (222) ; hence 



area MORS = 



PQFQ' 
cos 13 



hk 



1 



:=hkVl +m* + ni 



V^l+m* + n^ 



Di>'iding equation (1) by this, we have 
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(Tu dPu h , . 



MNiW[ _ dxdy^ dx'dy 1.2 

MORS - vT+^^^ 



Passing to the limit, we have 



Vl + w* + «" 
whence 

d^u = dxdyVl + w? + n«, 
and 

For the sphere, we have 



whenoe 



— = _ y = "" y -. e, 

rfy « VR" - «• - i/"^ *" 



and 



^ i/r« — aJ — t/« * 
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Making -/Ji' — y* = R', and integrating with referenee to 
Xy we have 



u =/IWy f- -^ =/Rdy sin"' * 



-/Rrfy (sin- 



VK''-y> 



: + Y). 



Taldng the integral between the limits, 



« = <w»d x=i etf — VR' — y*, 



we have 




u = /Rrfyl. 

Integrating again, with reference to y, we 
have 

« = -|ly+C, 



and between the limits y = 0, y = R, 



«"=:*L. 



for one-eighth of the s jrtaoe. The entire surface is then 

4«'R«. 






PART III. 



CALCULUS OP VARIATIONS. 



FIRST PRINCIPLES. 

227. A function may bo regar'ded as given, when the form of / 
the algebraic expression, which determines the relation between it 
and the variable or variables, is given, and the constants which - 
enter this expression are known. 

In this case, the only change which the function can be made 
to undergo, is that which arises from a change in the variables. 
Wlien these variables receive infinitely small increments, the cor- " 
responding infinitely small increment or change of the function is 
taken for the differential of the functionj Ait. (91). All our pre- 
vious applications of the Calculus have been made to functions of 
the kind above referred to, and the term differential can, with pro- 
priety, be applied to no other change. 

It will at once be seen, that if a fi^nction be not given as above 
described, but merely subjected to certain conditions^ it may bo 
made to undergo a change by altering the relation which exists 
between it and the variables ; and this may be done by changing 
either the form of the expression or the constants which enter it, 
in any way consistent with the given conditions. Now if such a 
change be made as to give another function consecutive with the 
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firsty the infiiiltt ly small cli.jii^^t' which the fii'st undergoes is called 
iU variation^ and tho iuinsjonding changes of the variables ara 
their variations, 

m 

The difference Ixtwc^-n tlic torms "differential" and "variation," 
will be made more phiin by geometrical illustration. 

Let BC be any curve, a function of x and y, of which M and M' 
are any two consecutive points, the co-ordinates of M being x and 

y. Now if the constants which deter- 
mine the curve be changed in any way 
so as to give a different curve B'C, m- 
Jlnitehj near to BC, and so that the 
poinb^ M and M' shall take the posi- 
tions m and m', Vp will be the variation 

" of .r and W2S the variation of y, while 

PP' is the differential of x and M'Q the differential of y, Art 

The conditiond under which the variation is made, may be such 
that one of the variables will have no variation ; and when this is 
the case, the ojM'rations to }>e ])orfonned will be much simplified : 

^ 'Hiii^, if it be rci^uired that the points 

M and M' shall be found in lines parallel 
to the axis of Y at m and m', Mm will 
be the variation of y, wliile x has no va- 
riation ; the differentials of x and y being 
A P ji' X PF and M'Q as before. 

As the differential 'i denoted by the symbol d, the Greek char- 
acter J IS used to denote the variation, and from the illustrations 
just given, it appears that while the former symbol denotes the 
changes which take place in passing from one point to another <if 
the same curve the latter is used for a very different purpose, to 
denote the changes in passing from points of one curve to the COr- 
respondmg points of another infinitely near to it. 
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228. From the nature of the term as above explained, we see 
that to obtain the variation of any function of x, y^ z, <&c., we have 
only to put for x, y, r, &c., x -\- 6x^ y + 5y, <fec., and then take, 
as in the Differential Calculus, Art. (49), those terms of the devel- 
opment which are of the first degree with reference to the varia- 
tions of the variables : Or, since the development may be made 
precisely as in Art. (51), by substituting Ja:, ^y, dec, for A, k^ &a, 
it is plain that we shall have 

Qu = — ox -j — -oy -j oz -f &C. 

dx dy dz 

It is also plain that the principles contained in articles (13) and 
(15), as also the particular rules demonstrated in articles (18) . • . 
(24), are equally applicable to variations. 

229. In the function 

«=/(^) (1)» 

let us substitute x + 6x for r, and denote the new function by 
f{x) ; tlicn by the definition. Art. (227), 

Su=f{x)^f{x) (2), 

and since from the relation expressed in equation (1), a? is a func- 
tion of tt, the second member of equation (2) will be a function of 
«, and we may write 

6u = (p(ii) (3). 

If in this equation we put for «, « + rf u = «', we shall have 

du' = <p{u') ; 

subtracting equation (3) 
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But 

and taking the variations, Arte. (13) and (Ifi), we hare 

^tt' — Jtt = 5(ftt; 
hence 

6du = (Wu (4). 

That is; ike variation of the differential of a funciiofiy is equal 
to the differential of its variation : Or when both of the symbols 
d and 6 arc prefixed to a function, the order in which thej are 
written, or in which tlie operations indicated are performed, can be 
changed at pleasure without afToctiii^ the re. ult^ 

The principle above enunciated is true for any order of the dif- 
ferential ; for if in equation (4) we put du for v, we have 

6d{du) = dSdu or Sd^u = dd6u = d^Su. 
If in the last equation we put du for u, we have 

Sd:^{du) = d'Sdu, or 6d^u = d^Su, 
and 60 on ; hence we may conclude that, 

Sd'u = d'Su . 



230. Let V be any differential of a function of x, and plaoe 

fv = v% then dv' = t», 

Sdv* = i», or dSv' = i^i^, 
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«ind by integration 

5v' =/fo, or ifv =^fdv. 

The principles demonstrated in this and the preceding article, 
arc evidently true for functions of any number of variables ; since 
the variation of the differential of such a function is but the sum 
of the partial variations, and the converse. 



231. In order to consider the subject of variations in its most 
general sense, when applied to differential expressions, we must 
regard the differentials of all the variables as variable, as well as 
the variables themselves. In tliis sense, if u be a function con- 
taining X, y, and their successive differentials, we shall have. 
Art. (228), 

6u = M& + W6dx + W'ScPx + <fec. 

^ (1). 

+N(5y + W6d^ + N"(J(?y + &c. 

in which M, M,' M" &c. are the partial differential coeflScients of 
tt taken with respect to a?, dxj cPx, &c. ; and N, N', N" ckc, the 
corresponding ones taken with respect to y, </y, cPy, &c. ; and if 
this expression be first extended to any number of variables, by 
adding for each an expression of the form 

Mfo + W6dx + W6cPx + Ac. 

it may then be made to give every particular case which can 
arise, by making the particular suppositions upon dx, d^x, dy^ 
d^y^ Ac, which the case requires. 

We often meet with differential expressions containing only the 

variables a?, y, ^ = j^, -^ = ^, Ac. If we denote such expression 

by V, we shall have, as in Art. (228), 
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Sv = mx + N^y + ySp + 'S"6q + &c (2). 

And if this expression bo taken in its most i^oneral sense, dx must 
be regarded as variabh*, in which case wo \n\t £ot 6p, 5y, <fec., their 
values obtained as in Art. (24), viz., 

^ dy dx6dy — di/6dx dSy — pdSx 

«P = <5;^ = d? = di ' 

,(//> (Ixodp — djMx d^p — qdi^x 
dx dj? dx 

If dr be regarded as constant, equation (2) is under its most 
Biniple forra. 

232. If u be still regarded iji its most geiftra) sense, we have, 
Art (230), 

and by the preceding article, 

/Ju = f(mx + li'Mz + W6d^x + &a) 

By the application of tlic rule for integrating by parts, we find 
fM'6dx =fM'dSx = W6x ^fdb,VSx] 
fWSd'x =fM''d'6x = Wd6x -^fd^V'dSx 

= Wdox — dyV'Sx +/(fM"5x ; 
flV^'dd^x =fW"d'dx = W"d*6x —fdWd^$x 
= M'"rf^dx - d^V'dSx +fd*yV''d$x 
= M'"(f(Jx - dM'''d$x + d>M'"5x --fd^W'Sx. 
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Aho 

/N'J(fy = WSy -f(m^^y ; 

f^f'ScPy = WdSy - c/N'% +fcPW'$y ; 

Observing that the second member of equation (1) is equal to the 
sum of the integrals of the terms taken separately, and substituting 
the above values, we obtain, 

/du = (M' - dM" + (PM'" - <kc.) Sx + (M" - dhi"' + <kc,) dSx 

+ (M'"-&c )(Pdx + A(i. 

+(N' - dN" + (TN '"- <fea)(Jy + (N" - dN'" + <fec.) % 

+ (N'" — Ac )iP^ + &c. 

^ (2). 

+/(N - dN' + d«N" - d^N'" + Ac.) <5y. 

By examining the above expression, it will be seen that there 
is no term under the sign / which ^contains the symbols d and 6 
applied the one to the other ; and also that the parts containing 
Sx are exactly similar to those containing 6y, The formula 
may therefore be extended to any number of variables, by 
adding for each new variable similar parts containing its variation. 



233. It should be remarked, that if the multiplien of Sx and 
^y following the sign^*, in equation (2) of the preceding article, 
are both equal to zero ; fSu will be complete, or Su will be the 
difierential of some function. But in the expression 

JZu = Sfu 
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it 18 endent that if fu contain any terms which can not be freed 
from the Bigny) 6fu must contain the variations of these terms 
still under the sign, and f5u can not be complete. Hence if 6« i^ 
a differentia], » itself mast be so. And conversely ; for if yU is 
entirely freed from the sign/, then 6fu can not contain this sign, 
and its equal JZu must be complete, or Ju be a differential. 
Henoe if the conditions 

M - dM' + dm" — Ac = 
N « JN/ + cPN" - Ac. = 0, 

are satisfied, u frill be the differential of some function, which may 
be obtained by integration. 



284. Let us now take the expression yWj;, in which v, as in Art 
(231), is a function of x, y, /), g, Ac, we have, Arts. (19) and (127), 

ifvdx ^=Ji{vdx) ss/vSdx +Jdx6v, 
Bat, Art (140), 

fv6dx =Jvd$x = v6x — fdvix ; 

henoe 

S/vdx = vix +f{dx6v — dvSx) (1). 

Substituting in that part of the second member which follows 
the sign/, the values of do and 6v, Arts. (51) and (231), 

dv = Mdx + Ndy + N'djj + Wdq + Ac; 

fo = Mfo + my + WSp + W6q + Ac; 
vebavo 
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dx5v — dvSx = N(<Wy — dy6x) + N'(iri(p — dpSx) 

+ N"((Wg - dqSx) + <fec (2). 

Since dy s= pix, we have 

dxSy — (fy^o; = dx{dff — pSx) = uifa?, 
by making Sy — p8x = u. 

Also, if for $p we put its value, Art (231), we have 
dxdp — dpSx = dSy — ^^x — dp^a: = <i(Jy — pSx) = <2u. 

If in this last expression we put p for y, and g for jp, and recol- 
lect that q z=z -^ we have 

dx 

dxSq - dqSx = d{Sp - qSx) = d( ^'^^ ~ ^' \ = i(^ . 

Substituting these values in equation (2), and prefixing the sign 
yj we have 

/{dxiv - dvSx) =/Nudx +/N'du +/N"df ^A + ftc (3). 



"<s) 



Again by Art. (140), 



J dx 
dr dx J dx 

d. d. +Jdf[d. J^ 

Now substituting these expressions in (3), and the result in (1), 
we obtain 
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ifvix = vSs + (tS> - -^ + Ac\. + (N" - Ac) — +4c 

If wo now put for u its value ^y ^ jen2v, the part affected with 
the signy* will become 

/(N - ^ + &Q,)dx^y - /(N - 4^ + &c)pdx6x. 
ax or 

FVom which we see that, in this case, the coefficients of ^ and 
iy have such a relation that if one becomes equal to zero the other 
will. 



235. The principal, and far the most important application of 
variations, is to the determination of the maxima and minima of 
indeterminate integrals, that is, of integral expressions of the form 

/ V(W + dy*, fncfdx &C., 

containing x, y, d^c, and their differentials, in which the relation 
between the variables is endrelj unknown. Thus, if it be required 
to determine the relation between x and y, in order that f^dx 
taken under certain conditions, shall be a maximum or minimum, 
the problem is one not capable of solution by the ordinary method 
of article (66), since the principles there developed require the 
form of the function to which they are to be applied, and the con- 
stants which enter it, to be given ; whereas the object now pro- 
posed, is to ascertain what this form and these constants must be, 
in order that the expression, when subjected to the given condi- 
tions, shall be a maximum or minimum. Questions of this kind 
are readily solved by the aid of variations. 
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23G. Let u be a function of the nature discussed in Art. (231), 
and suppose x, dx, y, dy^ &c., to be increased by their variations, 
and let the difference between the corresponding function u' and u 
be developed, which is done at once, by putting 5a:, 5y, 6dx, <kc., 
for /i, A:, Z, <fec., in the development of Art (51), we shall thus 
obtain 

tt' - u = M(yx + my + WUx + WBdy + <kc., 

plus a term of the second degree with respect to 5x, 5y, kc ; plus 
other terms. 

By the same course of reasoning as that contained in Art. (74), 
we see that u can be neither greater nor less than u\ for all values 
of 5x, ^y\ &c., unless the term, of the first degree with reference to 
these variations, is equal to zero. But this term, Art. (231), is the 
variation of u : Hence in order that u be a maximum or mini- 
mum, $u must he equal to zero. 

If the conditions which make the variation of u equal to zero, 
make the term of the second degree, in the above development, 
positive, for all values of Jx, 5y, &c., u will be a minimum ; if nega- 
tive, tt will be a maximum. The discussion of the various circum- 
stances in which this term will not change its sign, is of too com- 
plicated a nature, and likely to lead too far, for an elementary trea- 
tise. Neither is it necessary, in general, as Ave shall be able, from 
the nature of nearly every case, to determine without a reference 
to this second term, whether we have a maximum or minimum. 

237. In the application of the foregoing principles to the inde- 
terminate integrals referred to in Art. (235), it may at first be re- 
marked, that if the integral be indefinite, Art. (132), from its nature 
it can have no maximum nor minimum. The application can then 

only be made to definite integrals, or those which are taken bo- 

* 

tween some well defined limits. 

If then, it be required thaty*u be a maximum or minimum, we 
may write the variation of/u, Art (232), thus, 
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o/tf ^JZh = mSx + my + m'Mx + n'^dy + &c, 
+ /(H-r + ifc%) (1), 

nnd this when taken between the prescribed limits must be equal 
to zero. 

We have seen, Art. (233), that this expression can not be in- 
tegrated unless the quantity following the sign y*is equal to zero : 
That is, there can be no integral to be taken between limits, and 
of course, no maximum nor minimum. We must then have for 
the first condition 

Hx + ^'^J = (2), 

and since, in goncral, this must bo so for all values of ^x and ^y, 
which are indf^pcndont of each other, we must also have 

k = and F = 

or, Art (232), 

M - cfM' + d»M" - Ac. = 

(3). 

N - dS' + rf»N" - etc. = 

Again ; if we denote by I and V the results obtained by substitu- 
ting the limits in succession, in thp remaining part of equation (1). 
we must have for a second condition, 

/' - / = (4). 

Should there be more than two variables in the function u, tho 
quantity following the sign f in equation (1), will consist of as 
many terms as there are variables, each of which, if the variations 
are independent of each other, must be placed equal to zero, and 
will thus give an equation expressing a relation between these 
variables and their differentials. 
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If^ however, the conditions under which the variations are made 
are such as to render these variations in any way dependent, we 
shall he able, by means of the equations which express these con- 
ditions, to eliminate from equation (1), one or more of these 
variations ; then by placing the coefficients of those which remain 
under the sign y*, equal to zero, we shall have a system of equa- 
tions from which we may determine the nature and extent of the 
required function. The system of equations (3) will, in every 
case, express the relation which must exist between the variables 
and their differentials, in order that the function shall be a maxi- 
mum or minimum, but they must be subjected to the conditions 
deduced from the equation 

f - / = 0, 

which can, of course, contain no variables except those which belong 
exclusive! V to the limits. 

« 

Where u is under the form vdxy it has been scon, Art. (234), 
that the two equations (3) will both be satisfied, if one is. Tliey 
will therefore give but one independent equation. 

The solution and discussion of the following problems will serve 
to illustrate and more fully develope the preceding principles. 



238. Problem 1.— Required the nature of the shortest line 
joining two given points in a plane. 

Let ^> y'j a°<l ^"» y"t ^ ^^^ co-ordinates of the points. Hie 
general expression for the length of the line, Art. (197), is 



• Taking the variation of this, we have 
43 
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whicli upon comparison with equation (1), Art. (231), gives 

M = 0, N = 0, M' = ^, N' = ^, 

dz ax 

and all the other terms equal to zero. Ilcncc equations (3), of 
the preceding article, become 

whence by integration, 

dz dy _ 

T- = c :r = c'. 

dz dz 

Eliminating dz and integrating again, we have 



f' 



dy -s:^ -dx = adx, y = cur -f b (1), 

c 

which gives the required relation between y and a', and indicates 
that the line must be straight. 

The first part of equation (2), Art (232), becomes 

M'fo + N'iy. 

Since in this case the limits x' y' and x" y" are absolutely fixed, 
we must have 5a:', ^y\ &c., equal to zero, which being substituted 
in the above expression give 

W^sf + N'^y = W^x" -f N'Jy" = 0, 

whence results the fulfilment of the second condition 
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and it remains onlj to determine the constants a and h, in 
equation (1), on condition that the line shall pass through the 
two given points. 



239. Problem 2. Required the shortest line that can be 
drawn from one given curve to another. 

Let 

y =Jlz) and y =/(x) 

be the equations of the curves, their differential equations being 

dy = p'dx dy = p"dx (1). 

As in the preceding problem, we have 

from which is deduced, precisely as before, the equation of the 
required line 

y = (u: 4- h (2). 

But since the ends of this line must be in the given curves, the 
variations of x and y, at the limits, must be confined to these 
curves, that is, Sy*, Sx'j ^y", Sx" must be the same as dy and dx 
in equations (1), whence 

^y =r p'Jx' V' = p''Sx'\ 

Substituting these, in succession, in the first part of equation (2), 
Art (232), and subtracting the results, we must have 
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\dz' ^ dz'^ J [dz'' ^ dxf'^ J ' 

and since this contains two independent variations, it can onlj be 
satisfied by making the coefficients separately equal to zero ; hence 

dxf + d)f^ = rfx ' + (/yy = 0, 

whence 

dy» 2 <fy^^ __ _ 1 

de' " y dx" ~" ^' ' 

But these arc the equations of condition that the required line 
shall be normal to both curves at the points (^ y), (a:" jf"), re»- 
pectively, Art. (81). 

In order to determine the constants a and h in equation (2), we 
must fii*st find the values of ^, y, x'', y", on condition that the 
normal to the first curve at the point (or', y') shall also bo normal to 
the second at the point {^\ y'% and then cause the line to pass 
through these points. 

240. Prchlem 3. — Required the shortest line, on the surface of 
a sphere, joining two given points of the surface. 

Let the equation of the sphere be 

*« + y« + Z« =: R« (1). 

The general expression for the length of a line joining the two 
points will be, Art. (01), 



the variadon of which is 
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J \dvo dw dw j 

whence, by adding an equation containing Jz to those of Art 
(233), and comparing, we find 

M' = — N' = ^ P' = — 
dw dw dw ' 

and thence the first condition required in Art. (237), 

But in this case the variations must be confined to the surface 
of the sphere, that is, taking the variation of equation (1), we must 
have 

2x8x + 2y^y + 2zBz = 0. p 

Combining this with equation (2), and eliminating ^z, we obtain 

which, containing two independent variations, gives 



zd 



f^\^xdf—\-0 %d(^S\^ df^-^O 
\dw J \^^ ) \dw j \dwj'~ 



Now if we regard dw as constant, these equations become 

zd^x — xd^z = «£?y — yd^z = 0, 

from which we deduce 

xd^y — yd^x = 0. 
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Integrating the last three equations, we have 

zdx — xdz = a, zdy — ydz = ft, xdy — ydx = e. 

Multiplying the first by y, the second by — ar, the third by Z| 
and adding, we obtain 

ay — 5x + cz = (3), 

which is the equation of a plane passing through the centre of the 
sphere. The required curve mast lie in this plane, and therefore 
is the arc of a great circle. 

The limits in this case, as in ])roblem 1, being absolutely fixed, 
we have at once, as in that problem, the fulfilment of the second 
condition 

r -^ 1 = 0. 
Equation (3), may be put under the form 

a. h 

— y X 4- X = 0, or a'y — 6'x + « = 0, 

c c 

and the constants a' and h' determined, by causing the plane to 
pass through the given points* 

241. In many cases where there are conditions confining the 
variations, whether at the limits or not, the method of reducing 
the number of independent variations explained in Art. (237) and 
pursued in Arts. (239-40), will be found of very difiScuIt applica- 
tion. In all these cases the following less direct, but very elegant 
method may be used. Let 

r = » = Ac. 

be the equations between x, y? ^<^i expressing the conditions 
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to which the variations aro subject ; then at the same time that 
we have 

a/tt = 0, 

we must also have 

5r = 6s = 0, <fec., 

or denoting by c, c', &c., arbitrary constants, we must have the 
equation 

(5/u + ch + c'Ss + &c = (1) 

for all values of the variations of x, y, &c. Placing the coefficients 
of these variations separately equal to zero, we obtain equations 
from which we can eliminate the constants c, c', cfec, and tlius 
deduce an equation or equations which will express the propei 
relation' between x, y, <kc. As an illustration let us take, 

Problem 4. — Required the nature of the line, of a given length, 
joining two points, which with the ordi nates of the points and 
axis of X, will inclose the greatest area. In this case we have. 
Art. (203) 

Sfu = Sfydx, 

and since the length of the arc between the limits is to be constant, 
the variations must be subject to the condition 



fdz =f^d3^ + dy* = a\ 
hence 

SfVdx" + df = 0. 
Equation (1) will then become 
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Bfydx + cS/Vdj^ -f dy" = 0, 
or putting for the variations their values, we have 

rfy&dx + dxSy + cdxU^_cdy^\ ^ ^ 

Comparing Ihia with equation (1), Art. (231), wo see that 

M = 0, M' = y + c^, N = (fa:, N' = c^, 

dz dz 

and these being substituted in equations (3), of Art (237), give 

and by integrating 

' ^ dz dz 

Eliminating c from these two equations, we obtain 

dy X — 5' 

dtx y — h 

which is endontlj the differential equation of a ciide whose 
equation is, (Art 98), 

(y - J)' + (x - V)' = R', 

6, i'' and R being arbitrary constants, which must be determined on 
condition that the drclo pass through the two given points, and 
that the included arc be of the given length. . — 
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